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6.1 The concept of relations




Relation

Docs Keywords

X
{d;, G,

) mm@m

R={(d;, w) [d;DX, wDIY}




Relation R:XX%XY -5 {0,1}

X=Y={2,4,6, 8}
equal to
R=1{(2,2), (4,4), (6,6), (8,8)}




Examples

Circle

2 1 if | x|glanc|ylg

0 otherwise

1 if x%+ y2 =r
O otherwise

wa={

W&W={




6.2 Fuzzy relations




Fuzzy relation R:

Example

Docs

D = {dfs’ dnf’ dns’ dgf}

Keywords

W - {Wf1 Wn1 Wg}

R: DxW - [0,1]




X approximately equal tp

a=1




6.3 Properties of fuzzy relations




Fuzzy relation R:XxY - [0,1]

Domain

donR(x) = suf R(x,Y)
yoy

Codomain

cocR(y) = sup R(X,y)
XLIX




Representation of fuzzy relations

R(x,y) = sup tminfa,R(x,y)l}
a[07]

Representation theorem




Fuzzy relations P,Q: XxY - [0,1]

Equality

P(x,y) = Q(xy) 0(xy) O XxY

Inclusion

P(x,y) < Q(x)y) 0(xy) O XxY




6.4 Operations on fuzzy relations




Fuzzy relations P,Q: XxY - [0,1]

Union: R=PUOQ

R(x,y) = P(xy) s Qx,y) 0L(x,y) OXxXY (sisat-conorm)

Intersection: R=P 0 Q

R(x,y) = P(x,y) t Q(x,y) [L(xy) OXXY (tisat-norm)




Fuzzy relation R:XxY - [0,]1]

Standard complement: R

R(X,Y) = 1-R(x,y) [I(xy) O XxY

Transpose: RT

RT(y,X) = R(x,y) CI(x,y) O XxY




6.5 Cartesian product,

projections,and cylindrical
extension of fuzzy sets




Cartesian product

A, A, ...,A, fuzzy setson X;, X, ..., X,
R=AXA,x ... XA

R(Xy, %0--.0%) = MIN {Aq(X), AoXo), -, An(X)}  T(X,Y;) O XxY

Generalization

R(Xg, Xor--) = Ag(Xg) TA) t.. L A(X) L0x,y;) O X XY,

t =t-norm




Examples

5Y1
5Y]

2K —
2y

exp|
exp|

A(X)

B(y)

A(X)B(y)

R(X.Y)

—
>
N’
m
=
N’
I
—
=
=

R(x.y)




Projection of fuzzy relations

R X x X, x...x X, - [0, 1]

X = Xix Xy % ..o X Xy

Rx (%X . Xk) = Projx R(xq,%2,...Xq) = sup  R(Xq,%2,...%n)
Xt Xy - Xy

1={i,j, ..k}, J={t,u, ...\}, I0I=N, InJ=0

N={1,2,..n}




Example

R(x,y) = exp{-a[(x—4F + (y=5F]}, a=1

10

Relation B and its

e

m@:ﬂ%
"Q‘R&%&

N

. l
e mh‘%@ J-L

Rx (X) = Projx R(x,y) = StprR(x,y)

Ry (y) = Projy R(X, y) =supR(x, y)

X




Example

R XxY -[0,1], X={1,2,3}, Y={1,2, 3, 4, 5}

1.0 06 08 05 02
R(x,y)=|/06 08 10 0.2 0.9
08 06 08 03 09

R, =[1.0, 1.0, 0.9]

R, =[1.0, 0.8, 1.0, 0.5, 0.9]




Cylindrical extension

cylA(x,y) =AX), xOX




() Fuzzy Relation R on X and ¥

() Cylindrical Extension of A on X and ¥
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() Standard Intersection of R and cyla

(d) Standard Union of B and cyld
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6.6 Reconstruction of fuzzy

relations




Reconstruction using Cartesian product

ProjR x Proj, R R

R
noninteractive

(b) Contours of Rm on X and Y (e) Contours of the Cartesian Produtc of ProjxRih BrojyRm




(c) Fuzzy Relation Rp and its Projections Proj=Rp and ProjyRp (dy Cartesian Product of ProjzRyp and ProjyEp

R

(b) Contours of Rp on X and Y (e) Contours of the Cartesian Produtc of ProjxRp RrojyRp I n te raCt I Ve




6.7 Binary fuzzy relations




Binary fuzzy relation R :XxX - [0,1]

Features

(a) Reflexivity

R(x,x) =1

R(x,x) O |

| = Identity

R(X,X) = € e-reflexive

max {R(x,y), R(y,X)} < R(x,x) locally reflexive




(b) Symmetry

R(xy) = R(y,x) 0Ux

R'=R

(c) Transitivity

sup,ox {R(X 2 tR(z, y)} <R(x,y) Ux,y, zOX




Transitive closure

transR) =R=RO R2[.....[0R"

R° = RoR RP = RoRP

RoR(x,y) = max{ R(x,2) t R(zy)}

If Ris reflexive, then | 0 RO R2 [

| = identity




Floyd-Warshall procedure to compute trans)

procedure TRANSITIVE-CLOSUR-W R) returnstransitive fuzzy relation
static: fuzzy relationR = [r; |

for 1=1:ndo
for j=1ndo
for k=1ndo

T — max ¢

return R

i Fi T




Equivalence relations

R: XxX - {0,1}
Ris an equivalence relation If it IS

— reflexive

— symmetric equivalence relations

" generalize the idea of
— transitive equality

Equivalence class

A=y UX[R(xy) =1}

X/R = family of all equivalence classes of R (partition of X)




Similarity relations

R: XxX - [0,1]
Ris a similarity relation if it is

— reflexive
— symmetric

— transitive
Equivalence class
P(R) = {X/R, |a T [0, 1]}

Nested partitions: if a > 3 then X/R, finer than X/R,
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Compatiblility relations

R: XxX - {0,1}

Ris a compatibility relation if it is

— reflexive

— symmettric
a -Compatibility class: A O X such that
Rxy) =1 OxyUA

Do not necessarily induce partitions




Proximity relations

R: XxX - [0,1]

Ris a proximity relation if it is

— reflexive

— symmettric
Compatibility class: A [J X such that
Rxy) =1 OxyUA

Do not necessarily induce partitions




