[ Transformations of

Fuzzy Sets

Fuzzy Systems Engineering
Toward Human-Centric Computing




Contents

7.1 The extension principle

7.2 Composition of fuzzy relations
7.3 Fuzzy relational equations

7.4 Associative memories

7.5 Fuzzy numbers and fuzzy arithmetic




/.1 The extension principle




Extension principle

e Extends point transformations to operations involving

— sets

— fuzzy sets

» Given a function f: X - Y and a set (or fuzzy set) Aon X
the extension principle allows to map A into a set (or fuzzy
set) on Y through f




Pointwise transformation
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Set transformation

f:X v, AOP(X)

B=f(A)={yUY|y=f(x), Ux0OX}

B [ P(Y)

B(y)= sup A(x)
x/y=1(x)




Fuzzy set transformation

f:X v, AOF(X)

B=1f (A), B O F(Y) f(X>={_3'§((z::)):: ii: :j:((sSlSO
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B(y)= sup A(x) °
x/y=1(Xx) ! 1 41
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Example

y=1f (X) =x?
A=Ax -2, 2, 3)
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Example

y=f(x) =x°

X=1{3,-2,-1,0,1,2,3} Y ={0, 1, 4, 9}

4 -3 -2-1 01 23 4
X
1

0.8
A(X) 0.6
0.4
0.2

0
-4 -3 -2-1 0 1 2 4

3
X

B = {1/0, max(0.2,0.3)/1, max(0, 0.1)/4, 0/9} = {1/0.3/1, 0.1/4, 0/9}




Generalization

X =X, X X,% . % X,
AOFX), i=1,...n

y=1(X), X=[X, X ..., %]

B(y)= sup{min[A(X), A(X),.... A, (%)]}

Xly="1(x)




Properties
1.B =0 iff A=0O

2. AOA = B OB,

2 1A =UL f ) =UL8

4, f(ﬂin:lA) L ﬂinzl f(A) :ﬂin=1B'

5. B, O f(A,)

B*, ={y0Y|[B(y) > a}
6. B, = f(A) stronga —cut




/.2 Compositions of fuzzy

relations




Sup-t composition

Given the fuzzy relations
G: XxZ - [0,1]
W:ZxY - [0,1]

R=G°W sup-t composition

R(X,y) =sugmin [G(x,2)tW(z,y)} SEuteY, Iup €%

1z

R: XxY - [0,1]




Example

sup-product compaosition t = product
G(X, 2) = exp[-(x-2)?]

W(z y) =exp[-(z-y)’]

R(X, y) =sufe *? e @’} = ma{e 2 e *¥}
217 yRVA

R(x, y) =exp[-(x—Y)*/2]







Sup-t composition for matrix relations

procedure SUP-T-COMPOSITION G,W) retur ns composition of fuzzy relations
static: fuzzy relationsG = [g, ], W=[w,]

0. nxm matrix with all entries equal to zero

t: a t-norm
R & Onm
fori=1ndo

for ] = 1:mdo
for k=1pdo
tope « g, tw,
I — max(;, tope)

return R




10 06 05 05
G=/06 08 10 02
08 03 04 03

r,,~max(0.80.1, 0.300.7, 0.410.8, 0.310.6) = max (0.1, 0.3, 0.4,0.3) = 0.4

06 06
R=G-W=|0.7 038
06 04




Properties

1. Po(QoR)=(PoQ)oR associativity
2.Po(QUR) =(PoQ)0(P-R) distributivity over union
3 Po(Qn R O(P-Q)n(P-R) weak distributivity over intersection

4. If QO Sthen P-QUOPoS monotonicity

, N aAdl@standard operations




Interpretations

1. B(y) =sug A(XtR (X)] possibility

XUX

existential

2. B(y) = truth[[x | A(x) and R, (X)] sz

3. B(Y) =sug X(X)tR(x, ¥)] = sud1t R(x, y)] =supR(x, y) BEEEdy

XOIX X[ XX




Inf-s composition

Given the fuzzy relations
G: XxZ - [0,1]
W:ZxY - [0,1]

R=GW Inf-s composition

R(X,y) = izrg;{min [G(X,Z2)SW(z, V)}

R: XxY - [0,1]

[I(x,y) U XXY




procedure INF-S-COMPOSITIONG,W) retur ns composition of fuzzy relations
static: fuzzy relationsG = [g, ], W= [w,]

1 . nxmmatrix with all entries equal to unity

S a s-norm

R= i

fori=1ndo
for j = 1:mdo
for k=1pdo
sope « g SW,

— min(r;, sope)




Example

10 06 05 05
G=/06 08 10 02| W= Ol BB s = probabilistic sum
08 03 04 03 ' '

r,,= min (1.0+0.6-0.6, 0.6+0.5-0.3, 0.5+0.7-0.35, 0.3+0.15)
= min (1.0, 0.8, 0.85, 0.65) = 0.65

r,,— min (0.8+0.1-0.08, 0.3+0.7-0.21, 0.4+0.8-0.33;H0.6-01.8)
= min (0.82, 0.79, 0.88, 0.72) = 0.72

065 080
R=GW=| 044 064
051 0.72




Example

G(x,2) =exp(x-2)°], W(z,y) =exp(z-Y)’]




Properties

1. Pe(QeR=(P-Q)°R associativity
2.P-(QUR) (P Q) (P R) BRI IS {dls IV A=I@0s]le]a
3 Pe(QnR)=(P*Q)n (P R) distributivity over intersection

4. 1f QU Sthen PeQUPeS monotonicity

, N aAdl@standard operations




Interpretations

L B(y) =Inf[A(X)SR, (X)] = Inf[R, (x)sA(X)] = ing([Ry(X)SZ(X)] BRIy

universal
2. B(y) =truth[L x| A(x) or R (X)] quantifier




Inf- @ composition

Given the fuzzy relations
G: XxZ - [0,1]
W:ZxY - [0,1]

R=Gg¢oW Inf-@ composition

agb={cO[01]|atc<b}, Da,bO[0]]

R(x, ) =inf{G(x,2) §W(z, )}

$:10,1] - [0,1

[I(x,y) U XxY




Example

10 06 05 05
G=/06 08 10 02| W=
08 03 04 03

If t is the bounded difference: atb=max (0,a+b—-1)

thenagb=min (1, 1 -a+b) Lukasiewicz implication

06 01
R=G¢W =| 07 06
08 03




Properties

1. Pp(QPR)=(P-Q)¢ R associative
2.Pp(QUR) U (P¢Q) U (P¢pR) BRWEE IS il A= M0 a]le]a
3 PP(Qn R) =(P¢Q)n (P¢R) distributivity over intersection

4. 1f QO Sthen PgQOP@S monotonicity

, N aAdl@standard operations




Interpretation

B(y) = inf[AX)¢R, ()] =inf[A(X) = R, (3]

=INf[A(X) = R, ()] = Inf[A(X) U R, (X)]
U
B(y) = UXA(X)= R, (X)]




/.3 Fuzzy relational equations




Single—input, single—output fuzzy system

Fundamental problems

— given U and V, determine R

— given V and R, determine U




Solution to the estimation problem

U: X - [0,1]

V:Y - [0,1]

R:XxY - [0]]




S = {ROFX)xF(Y) |[V=U°R} solution set

agb=sup{l0,1] |]atc<b ¢ operator

Proposition

[
If S, # [, then the unique maximal solution R of the sup-t relational

equationV=U°Ris




maximal solution

minimal solutions




procedure ESTIMATE-SOLUTION U,V) returnsfuzzy relation
static: fuzzy unary relationdl = [u], V = [v]

t: a t-norm
define ¢ operator

fori=1ndo
for j = 1mdo

rij ~ u ¢\/j

return FAQ




Example

U=[0.8,0.5,0.3] V=[0.4,0.2, 0.0,0.7]

1 if a<b
b if a>b

t=min= a¢ b:{

08
R=|05|¢[04 02 00 07
03




08404 08402 08400 08407
05604 05002 05400 05607
03604 03402 03p00 03407

04 02 00 07
04 02 00 10 maximal solution

10 02 00 10




04 02 00
R=/00 00 00
03 00 00

R, US andR, S

R, 0RandR,0R

00 02 00 07
R,=|04 00 00 02
06 02 00 10




Fuzzy relational system

Uil = [Uy] (1xn)

Vol = [Vid (1xm)

R: XxY - [0]] | =[h] (nxm)




maximal solution




Relation-relation fuzzy equations

X, Y={Y1, Yar--- Y
U: ZxX - [0,1] U=[uid (pxn)

V: ZxY - [0,1] V=1[v] (pxm)

=[rij] (nxm)




Let

U, (Ixn) k-throw of U

(1xn) k-th row of V

(nx1) j-th column of R







Multi—input, single—output fuzzy equations

U OF(X),i=1
V =U,0U,0--0U_ oR

) L If U=U,tU,t...tU, then
ROF(X, % X, %.... x X X Y) V=UoR




Solution to the estimation problem

U: X - [0,1]
V:Y - [0,1] V = [v] (1xm)

R XxY - [0,1] R=[r;] (nxm)

V=U-*R




S5 = {RUOF(X)xF(Y) [V=U « R} solution set

aBb=inf{cl[0,1] |asc=b 3 operator

Proposition

[l
If S3# [, then the unique minimal solution R of the sup-t relational

equationV=U e Ris




Solution to the Iinverse problem

X
U: X - [0,1]
V.Y - [0,1] V = [v] (1xm)

R XxY - [0,1] R=[r;] (nxm)

V=UoR




S ={ULFX) |V=U°R} solution set

v, 8s;=min (v, ¢s;, j=1,...m),i =1,...,n Goperator

Proposition

ll
If § # U, then the uniqgue maximal solution U of the sup-t relational

equationV=U°RIs




procedure INVERSE-SOLUTION R,V) returnsfuzzy unary relation
static: fuzzy relationsR=[r;], V=[v]

M: large number

t: at-norm

define: @ operator

for1=1ndo
u M
for j = 1mdo
S U - min(u, v; @ 1;)
U — U
return U




Example

V =1[0.4, 0.2, 0.0, 0.7]

04 02 00 07
R=/04 02 00 10
10 02 00 10




04 10
02 02
00 00
10 10

U=[04 02 00 07]9

04 04
02 02
00 00
0.7 10

[04 02 00 07]8

"min(0.4¢ 0.402¢ 02004 0.00.740.7]
min(0.4¢ 0.402¢ 020.0¢ 001.040.7
| min(10g 0402¢ 020060010407 |




Relation-relation fuzzy equations

X, Y={Y1, Yar--- Y
U: ZxX - [0,1] U=[uid (pxn)

V: ZxY - [0,1] V=1[v] (pxm)

=[rij] (nxm)




As before, let

UK = [u, U, b U] (Ixn)  k-th row of U

(1xn) k-th row of V

(nx1) j-th column of R




Using the previous result we get




Multi—input, single—output fuzzy equations

UDOFX,),i=1
VO F(Y)

RUF(X % X,X%.... x X, xY)

V =U,oU,0--0U oR
V(Y) :?(éjxdul(xl)tuz(xz)t”'tu p(Xp)t R(X1’X2 Xn y)]




Solvability conditions for maximal solutions

e hgt(U) = hgt (V) estimation problem
*maxr; 2 Vv necessary condition for inverse problem
 concise and practically relevant solvability is difficult (in general)

e if system is not solvable, then look for approximate solution




7.4 Assoclative memories




Sup-t fuzzy associative memories

X={Xg, Xoroo o Xnhy Y=Y, Yor oo Vi)
U X - [0,1] Uy = [Ugo Ugr -+ Yo+, Gyd = [y ] (1xN)
Vie Y - [0,1] Vie = Vi Vo oos Vo0 Yod = [V (1xm)

k=1,....N

U, and V, are patterns to be encoded into




Sup-t fuzzy associative memories

e Encoding

* Decoding




Semioverlapping fuzzy sets

U, U,,....U, form a partition

e adjacent and overlap at %2

e hgt{U, n U,_)) = 0.5 and Y, Uy(x) = 1 OxOX

* X = [Xq, Xpy--- %]




Proposition

If fuzzy patterns U, are semioverlapped, then the pairwise
encoding of U,and V, , k=1,...,Nusing

produces perfect recall realized as




Inf-s fuzzy associative memories

X={Xg, Xoroo o Xnhy Y=Y, Yor oo Vi)
U X - [0,1] Uy = [Ugo Ugr -+ Yo+, Gyd = [y ] (1xN)
Vie Y - [0,1] Vie = Vi Vo oos Vo0 Yod = [V (1xm)

k=1,....N

U, and V, are patterns to be encoded into memory R




Inf-s fuzzy associative memories

e Encoding

* Decoding




7.5 Fuzzy numbers and fuzzy

arithmetic




Algebraic operations on fuzzy numbers

Fuzzy interval Fuzzy number

f,(x) if xO[a,b)
1 if xO[b,c]
g.(x) if xU(c,d]
0 otherwise

A(X) =




Examples

real number
2.5

real interval
[2.2, 3.0]

fuzzy number
about 2.5

>
22 2530 R

fuzzy interval
around [2.2, 3.0]

>
22 25 30 R




Computing with fuzzy numbers

» Consider a 2 h travel at a speed of about 110 km/h.
What was the distance you traveled?

* In a given manufacturing process, there are five operations completed
In series. Each manufacturing task has durations of about T,, T,,...,
T, time units. What is the completion time of the process?

* Two fundamental methods to perform algebraic operations

— based on interval arithmetic and a-cuts

— extension principle




Interval arithmetic and a-cuts

[a,b] +[c,d] =[a+b,c+d]
[a,b]—[c,d] =[a—-d,b—C]

[a,b].[c,d] =[miIn(ac,ad,bc,bd), max@c,ad,bc,bd)]

[a,b] /[c,d] =[min(a/c,a/d,b/c,b/d),max@/c,a/d,b/c,b/d)]




If * is any of the four basic algebraic operations

and Aand B are fuzzy sets on R and a(][0,1], then

(A*B), = A,*B,

AOB= | J(AOB),

al][0]]

(AOB)(x) = sup[a(ALB)(X)]

al]0]]




Example

A(x,a,mb), B(x.c,n,d) triangular fuzzy numbers
A =[(m-3da+a m-Bha+b, B,=[(n-9a+c (N—-da+d
A=Ax1,2,3), B=B(x2,3,5

A,=[a+1,-a+3], B,=[a+2,-2a+5]

(A+B), = [20 + 3,— 30 + 3]
(A-B,=[3a—-4,—2a + 1]
(AB), =[(a+ 1)@ +2), Ca+3)2a+5)]

(A/B), = [(0 + 1)/(20 + 5), Ca + 3)/(@ + 2)]




(a) Addition (b) Subtraction

T T T T

L L L L L L L L L L L

8 9 101112131415 4-3-2-10123 456 7289 10111213)(1415
X

L

(d) Division

I I I I L L

1 1 1 1 0 1 1 1 1 1
4-3-2-10123 456 7 8 9101112131415 4-3-2-10123 4586 72829 10111213X1415
X

L I L L I I I I I I I L I L L




Fuzzy arithmetic and the extension principle

Extension principle and standard operations on real numbers

(ALB)(2) = supmin[A(X),B(y)] , OzUOR

zZ=X*y

In general, if tis a t-norm and [0 R°- R then

(ALB)(2) = sud A(X)t B(y)] , [zOR

zZ=X*y




t,<t, @>atb<atb, Ua,bl[0]]

sup A(x)ty B(y)] = sud A(x)t B(y)] = sug A(x)t,, B(y)],

z=x*y zZ=x*y Z=X*Yy

“(AOB)(2) < '(AOB)(2) < “(ADB)(2), 0zOR

Example

A(x,am>b), B(x,c,nd) triangular fuzzy numbers
M(A+B) = (A+B) using t-norm

4(A+B) = (A+B) using t-norm




Different choices of t-norms, different results




Proposition

For any fuzzy numbers A and B and a continuous
monotone binary operation [Jon R, the following equality
holds for all a-cuts with al][0,1]:

(ALB), = A, OB,




Important consequences of the proposition:

1. A, and B, closed and bounded Ua = (ALB), closed and bounded

2. Aand B normal = (ACB) normal

3. Computation of (ALB) can be done combining the increasing and
decreasing parts of the membership functions of A and B.




Computation of (ALB)

combining the increasing
and decreasing parts of

the membership functions




Computing with triangular fuzzy numbers

e A(x,a,m,b) and B(x,c,n,d) — triangular fuzzy numbers

 membership functions

if xO[a,m) if xU[c,n)

X it xO[m,b] if xO[n,d]

otherwise otherwise




Addition

C(2) = supmin[A(X),B(y)], OzUORL1

Z=X+y
1. C(2)=1 for z=m+n

2. z<m+n
x<mandy<n
A(X)=B(y) =a

=a and z—_z:a xO[a,m), y[c,n)

x=(m-a)a+a y=(nh—-c)a+c andfromz=x+y

___z—(atc)
(m+n)-(a+c)




3. z>m+n
Xx>mandy>n
A(x)=B(y)=a

and %:a xO[m,b], yO[n,d]

X=(m-b)a+b y=(nh-d)a+d andfromz=x+y

U

a = (b+$i?r:]+n) C(X) =C(x,a+c,m+n,b+d)

z—(a+c)
(M +n)—(a+c)
1 if
(b+d)-2z
(b+d)—(m+n)

if z>m+n




Multiplication

» Looking at the increasing part of the membership function

Xx=(m-a)a +a

y=(h—-ca +c

z=xy=[(m-a)a +a][(h—c)a + (]

z=(m-a)(n—c)a? + (m—a)ac+a(n—c)a +ac=1,(a)

If ac< z< mn then the membership function of D =AB is

D(@) =1, (29




» Looking at the decreasing part of the membership function

Xx=(m-b)a +b
y=(nh-da +d

z=xy=[(m-=-b)a +b][(n—d)a +d]

z=(mM-=b)(n—-d)a> + (m—b)ad + b(n—d)a + bd=1,(q)

If mn< z< bd then the membership function of D =AB is

D(2) =1,7(2)




