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5.1 Standard operations on sets

and fuzzy sets




Intersection of sets

A={xOR| 1< x< 3} AnB: {xOR| 2 x< 3}

B={xR| 2< x< 4} (AnB)(X) = min [A(X), B(X)] OxX




Union of sets

A={xOR| 1< x< 3} ALB: {xR| I= x< 4}

B={xR| 2< x< 4} (AOB)(X) = max JA(X), B(X)] OxX




Complement of sets

A={xOR| 1<x<3} AX) = {xOR|x<1, x> 3}

AX) = 1 —AKX) OxOX




Intersection on fuzzy sets

(AnB)(X) = min [A(X), B(x)] Ox0X Standard intersection




Union on fuzzy sets

(ALB)(x) = max A(X), B(x)] LUX Standard union




Complement of fuzzy sets

AR) = 1 —A(x) OxCX Standard complement




Basic properties of sets and fuzzy

sets

1 Commutativity
2 Associativity
3 Distributivity
4 |[dempotency

5 Boundary Conditions

6 Involution

7 Transitivity

ALOB=BUOA

AnB=BnA
AOBOC)=ALOBUOC
AnBnC)=(AnB)nC
AOBNnC)=ALOB)n (ALOC)
AnBOC)=AnB)UOANC)
AOA=A

An A=A
Alep=Aand A X=X
An@e=@and An X=A

A=A

f ALlBand B[1C thenA[lC




Noncontradiction and excluded middle
for standard operations

Sets Fuzzy sets
8-Noncontradiction ANA=Q AnAZ @

9-Excluded middle ADA = X ADA # X




Geometric view of standard
operations







5.2 Generic requirements for

operations on fuzzy sets




Set operation Is a binary operator

[0,1] x[0,1] - [0,1]

e Requirements:
— commutativity
— associativity
— Identity

e |dentity:

— Its form depends on the operation




5.3 Triangular norms




Definition

t:[0,1] x[0,1] - [0,1]

e Commutativity:
» Associativity:
« Monotonicity:

e Boundary conditions:

atb=bta
at(btc=(atb)tc
If b<cthenatb<atc

atl=a
at0=0




Examples

min(@a,b)

at. b

minimum
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at,b < atb < min(a,b) lower and upper bounds

ata < a Archimedean (if t is continuous)

nilpotent (e.g. Lukasiewicz)




Constructors of t-norms

 Monotonic function transformation
« Additive and multiplicative generators

e Ordinal sums




Monotonic function
transformation

e If h: [0,1] - [0,1] Iis a strictly increasing bijection

then t (ab) = h(t(h(a),h(b))) is a t-norm

* his a scaling transformation

Obs: h bijective means both, h injective (one-to-one)
and h surjective (onto)




Examples

h=x? x[0,1]

minimum

product
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Additive generators

e f:[0,1] - [0, ), f(1) = 0

— continuous
— strictly decreasing

cat.b="f-Yf(a) +f(b)) < isa Archimedean t-norm




Additive generators of t-norms




Example

f = —log)

f(a) +1(b) = —logl) — log(o)
— (log@) + log(®))
— log(ab)

f-1(f(a) + f(b)) = €oved) = ab

eat.b=ab (Archimedean t-norm)




Multiplicative generators

*g:[0,1] -~ [0,1],0(1) =1

— continuous
— strictly increasing

*at,b=gg(a)g(b)) - is a Archimedean t-norm




Multiplicative generators of
t-norms




Example

[ g = X2
at:b=ab (Archimedean t-norm)
e g=ge'®

multiplicative and additive generators — same t-norm




Ordinal sums

t.,: [0,1] - [O, 1] denoted, = (<a,,B,, t.>, KUK)

a—-op b-ay

to(a,b,l ,T):{O‘k"'(ﬁk‘o‘k)tk(ﬁk i l3k0‘kj it a,bU[ay ,Bk]

min(a,b) otherwise

= {awBd, KOK}

—nonempty, countable family
— pairwise disjoint subintervals of [0,1]

T = {t,, KUK}

— family of t-norms




0.2+5(a-0.2)(b-0.2) if a,bd[0.2,04]
to(a,b,l,1)=70.5+max(a+b-1.20) if a,bJ[0.50.7]
min(a,b) otherwise

| = {[0.2,0.4],[0.5,0.7} K={1,2}
Py Ty = O
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0.2+5(a@a-0.2)(b-0.2) if a,bd[0.2,04]
to(a,b,l, 1) =<0.5+max(a+b-1.20) Iif a,b[0.50.7]
min(a,b) otherwise




5.4 Triangular conorms




Definition

s: [0,1] X[0,1] - [0,1]

o Commutativity:
» Associativity:

« Monotonicity:

e Boundary conditions:

asb=bsa
as(bsc)=(ash)sc
If b<cthenasb<asc

asl=1
as0O=a




Examples

,b)

= max@

as,b

e
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maximum
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max@+b,

asb

lewicz

Lukas




max(a,b) < asb < asyb lower and upper bounds

Archimedean (if t is continuous)

nilpotent (e.g. Lukasiewicz)




Dual norms and De Morgan laws

asb=1-(1-a)t(1-b
Dual triangular norms
atb=1-(1-a)s(1-b)

(1-a)t(1-b)=1-asb

(1-a)s(1-b)=1-athb
De Morgan




Constructors of s-norms

 Monotonic function transformation
« Additive and multiplicative generators

e Ordinal sums




Monotonic function transformation

e If h: [0,1] - [O,1] is a strictly increasing bijection

then s(a,b) =h?(s(h(a),s(b))) is a t-norm

* his a scaling transformation




Examples
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Additive generators

« f: [0,1] — [0, ), f(0) = 0

— continuous
— strictly increasing

casb=f-f(a) +f(b)) = isa Archimedean t-conorm




Additive generators of t-conorms




Example

f =—log(l —X)
f(a) +f(b) = — log(1 —a) — log(1 —b)

— (log(1 —a) + log(1 —b))

— log(1 —a)(1 —b)
f-1(f(a) + f(b)) = 1 — 290 -1 -b) = 3 + b —ab

casb=a+b—-ab (Archimedean t-conorm)




Multiplicative generators

9. [0,1] -~ [0,1],9(0) =1

— continuous
— strictly decreasing

*as,b=gg(a)g(b)) - isa Archimedean t-norm




Multiplicative generators of t-conorms




Example

eg=1-X
as;b=a+b-ab (Archimedean t-norm)
e g=ge'®

multiplicative and additive generators — same t-conorm




Ordinal sums

s, [0,1] - [O, 1] denoted s, = (<0,,B,, s>, kLK)

a-ax b-a .
. (] 5) - {ak + (B —ak)sk(ﬁk . Bk_ukkj i a,bOfo,By]

max(a,b) otherwise

= {lawBd, KOK}

—nonempty, countable family
— pairwise disjoint subintervals of [0,1]

o0 ={s, kUK}

— family of t-conorms




Example

0.2+(a-0.2)+(b-0.2)-5(a-0.2)(b-0.2) if a,b1[0.2,04]
So(a,b,l1,0) =40.5+0.2min(5(a—-0.2) +5(b-0.2,0)1) if a,b1[0.50.7]
max(a,b) otherwise

| = {[0.2, 0.4], [0.5, 0.7]} K ={1,2}
0={s,sh S5, %=
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0.2+(a-0.2)+(b-0.2)-5(a-0.2)(b-0.2) if a,b[1[0.2,04]
So(a,b,l1,0)=40.5+0.2min(5(a-0.2) +5(b-0.2,0)1) if a,b[0.50.7]
max(a,b) otherwise




5.5 Triangular norms as general

category of logical operators




Motivation

e Fuzzy propositions involves linguistic statements:

— temperature is low and humidity is high
— velocity is high or noise level is low

 Logical operations:

—and ([
—or (0




Truth value assignment

L={P,Q, ...} P, Q, ... atomic statements

truth: L - [0, 1] p,q,...0][0, 1]

truth PandQ) =truth P UQ) - pg=ptqg

truth PorQ) =truthPUQ) - pUg=psq




Examples




Implication induced by a t-norm

agb=a=Db

agb=sup{cl][0, 1] |]atc<b} Uab][0,1] residuation

@ operator or Boolean values of its arguments

a=>b

—_
1
1
0
1




5.6 Aggregation operations




Definition

g. [O’l]n = [O’l]

1. Monotonicity:

g (Xp, X0 %) 29 (Yo, Yoruru Vo) 1 X2y, 1=1,..0

2. Boundary conditions:

9(0,0,...,0)=0
g(1,1,.,1)=1




1. Neutral element (e):

0 (X3, Xore0) %11 € Xiggrees X)) = G (Xgs X001 X € Kipgyees X)) N2 2

2. Annihilator (I ):

Q06 %, %11 | Kol %) = |

Observation: Annihilator = absorbing element




Averaging operations

arithmetic mean

geometric mean

harmonic mean




g (Xq, X5y..4, X,) = MAX Ky, X5,..., %)

Bounds

min (X;, X5,-.-, X)) £ g (Xq, X5y..., %) £ Max Ky, Xs,..., %)




Examples

Arithmetic mean




Geometric mean
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Ordered Weighted Averaging (OWA)

OWA(AwW) = gjwi A(X)
=1

2w, =1, w ]0, 1]

A (X)) < A(X) <...<A(X)




Examples

0] OWARW) = min AG), A, A(X,)
OWARW) = max A(x,), A),..., A(X,)

1/n, 1h,...,1h] OWA(A,w) = arithmetic mean

min (A(xy), A(Xy)




Examples

=[0.8, 0.2]







Uninorms

u: [0,1] x[0,1] - [0,1]

o Commutativity:
e Associativity:
« Monotonicity:

e |dentity:

aub=bua
au(buc)=(@ub)uc
If b<cthenaub<auc

aue=a [al]o0, 1]

el[0, 1], e=1 uisat-norm, e=0 uis at-conorm




Results on uninorms

1.t,s,1[0,1]x%[0, 1] - [O, 1] such that Ue L [0, 1]

(ea)u(eb)
e
b= (e+ (1-e)a)u(e+ (1—-e)b)-e
1-e
t, ands, aret-norm andt-conorm

atyb =

as,




2.1fa<e<b or a=e=bthen

If a<e<b or a=e=bthen
min(a,b) < aub < max(a, b)




3. For any uwith e [0, 1]

au,,b < aub < augb

0 if O<ab<e
au,b =<max(a,b) if e<a,b<l
min(a,b) otherwise
min(a,b) if O<ab<e
augh =41 If e<ab<l
max(a,b) otherwise




4. Conjunctive and disjunctive uninorm

if (Oul) =0 then

augb =<

If O<a,b<e

If e<abs<l

otherwise

If O<ab<e

If e<ab<l

otherwise




Conjunctive uninorm

uninormm




ISjunctive uninorm




5. Almost continuous Archimedian uninorms
aua<a for O<a<e
aua>a for e<ax<l
6. Additive and multiplicative generators of almost continuous uninorms

au b =f-Yf(a) +f(0)

au, b=g(g(a)g (b))

g(x) = gf(¥

f strictly increasing

g strictly decreasing




7. Ordinal sum

a + (B —ak)tk(ﬁi‘_“akk ,Bi'_“akkj f [a,b] 01y

a—a b-a _
Ugo(a,b,,T,0) =40k ™ (Bk _O(k)sk(Bk —ukk B _ukkj if [a,b] 01,
If a,bD[OCk,IBk]

anda,b>e
'min(a,b) otherwise

max(a,b)

| ={[a,, BJ, kKOK}
L={la.BJ] Ol|A4=¢€}

L, ={lo Bd Ul ]a,= e

T ={t,kOK}, o={s, kOK}




Uco(a,b,:,T,0) =4

a—-o, b-ay

oy +(Bk _ak)tk(

oy + (Bk _O(k)sk(

min(a,b)

. max(a,b)

Bk —ax Bk —ak
a—-o, b-ay

J

Bk —ax By —ay

J

if [a,b] 014

If [a,b]T1,

if a,0 O[ay,Bk]

andab<e
otherwise




Nullnorms

v: [0,1] X[0,1] - [0,1]

o Commutativity:
e Associativity:
« Monotonicity:

e Absorbing element:

e Boundary conditions:

avb=Dbva
av(bvc)=(avb)vc
If b<cthenavb<avc
ave=e [Hal][O0, 1]

avO=a Hal]0, €
avl=a Oal]e, 1]




(ea)v(eb)
e
at o = (e+(1l-e)a)v(e+ (1—-e)b)—-e

asyb =

1-e

e][0, 1]
v behaves as a t-norm in [0, €| %[0, €]
v behaves as a t-conorm in [e, 1]x[e, 1]

v = ein the rest of the unit square
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0.5, t-norm

e =




Symmetric sums

oJ(a, a,,...,a,)=1-0(1-a,,1-a,..,1-a)

f Increasing, continuous

£(0,0,...,0) = 0




f(a,b) =a? + b?




Compensatory operations

a®Ob=(atb)!-y (ash)y compensatory product

ath b=(1-y)(atb) +y(atb) compensatory sum




MmaxX

S
S
o
=
e
O
+
=
S

0.5, t-norm

y:




5.7 Fuzzy measure and
Integral




Fuzzy measure

g:Q - [0,1]

* Boundary conditions: g(d)=0
g(X)=1

« Monotonicity: If AL Btheng(a) <g(a)




A—fuzzy measure

g9(ALB) = g(A) +g(B) +Ag(A) 9(B),

g(ALB) =g(A) +9(B)
g(ALB) = g(A) +9(B)

9(ALB) = 9(A) +9(B)

A>-1

additive
super-additive

sub-additive




Fuzzy integral

h:X - [0,1] Q measurable

fuzzy integral of h with respect to g over A

[ah(X)og() = sug {min[a,g(An Hy)]
a[01]

H, = {x|h(X) = o}




h(X) = h(X,) > ..... = h(x)

A= {X), Ap={Xp, %), -oes Ay = (X, X

Jah(x)eg() = max {mln[h(xu) 9(A)]

1=1,..







Choquet integral

(Ch)] f o g = T[N(%) — (%) 9(A)

=1




5.8 Negations




Definition

N:[0,1] - [0,1]

1. Monotonicity:

N IS nonincreasing

2. Boundary conditions:

MOES!
N (1) =0




3. Continuity:

N Is a continuous function

4. Involution:
N (N(X)) =x [x0O][O0, 1]




Examples







A L(—1,0)




N(x) = V1-x" w0 (0,0)




(t, s, N) system

xsy = N (N(x) t N(y))
xty = N (N(x) sN(y))

[Ix, y L [0, 1]




Examples

X+Yy-1+AXy
xty = max(0,————~=
| ( 1+ A )

Xsy = min(1,x+y—1+Axy)

xty = min(x,y)
Xsy = max(x, V)
N(X)=1-X



