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11.1 Fuzzy rules as a vehicle of

knowledge representation




Rule = conditional statement

* If (input variable iA ) then ( output variable I8 )

— A and B: descriptors of pieces of knowledge

— rule: expresses a relationship between inputs and outputs
e Example

— If ( the temperature isigh) then ( the electricity demand tsigh)
 |f and then parts ¢ ) formed by information granules

— sets

— rough sets
— fuzzy sets




Rule-based system/model (FRBS)

 FRBS is a family of rules of the form
|f (input variable 1A, ) then ( output variable 18, )
1=1,2,...C
A, and B, are information granules

* More complex rules

If (input variableis A ) ( Input variablg is B; )
then ( output variable i1, )

— multidimensional input space (Cartesian product of inputs)
— individual inputs aggregated by the connective
— highly parallel, modular granular model




11.2 General categories of fuzzy

rules and their semantics




Multi-input multi-output fuzzy rules

o|f X isAjand X, isA,and.....and X IS A,
thenY;isB;andY,isB,and.....and Y, is B,

X = variables whose values are fuzzy sets A
Y, = variables whose values are fuzzy sets B
AonX,1=1,2,..n
BonY,|=1,2,.m
* No loss of generality if we assume rules of the form

If XiIsA YisBthenZisC




Certainty-qualified rules

o If XisAandYisBthen Zis C with certaintyu
#0[0,1]
L . degree of certainty of the rule

L =1 rule is certain




ClLVEIRGIES

e themore Xis A themoreYis B
— relationships between changes in Xand Y

— captures tendency between information granules
* Examples:

thehigherthe income, thaigherthe taxes

thelowerthe temperature, tHegherenergy consumption




Functional fuzzy rules

o If XisAitheny=f(x,a)
X =Y
x[IR"
 Rule: confines the function to the support of granule A
f: linear or nonlinear (neural nets, etc..)

« Highly modular models




11.3 Syntax of fuzzy rules




Backus-Naur form (BNF)

( If _then_ruleé ::= if (antecedentthen{consequerf{certainty}
(gradual_rule ::= (word) (anteceden{word) (consequent
(word) ::= (more {(less}
(antecedent:= (expressioh
{(consequent:= (expression
(expressioh::= {(disjunction{and (disjunction}
(disjunction} ::={variable{or(variable}
(variable ::=(attribute is (value
(certainty ::=(none{certainty 41[0,1]}




Construction of computable representations

Main steps:
. specification of the fuzzy variables to be used
. association of the fuzzy variables using fuzzy sets
. computational formalization of each rule using fuzzy

relations and definition of aggregation operator to combine
rules together




11.4 Basic functional

modules of FRBS




General architecture of FRBS

Fuzzy if-then rules Parameters
(input-output relationship) of the FRBS
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Input interface

o (attribute) of (input) is (value)
the temperature of the motor is high
e Canonical (atomic) form

p: XISA temperature (motor; Isigh

X A '\\
A

fuzzy set

Medium




Multiple fuzzy inputs: conjunctive canonical form

p: X IsA and X isA,and.....and X ISA, conjunctive canonical form
X are fuzzy (linguistic) variables

A : fuzzy sets on X,

1=1,2,..n

Compound proposition induces a fuzzy relation P on X, xX x... X_

PO Y. o) = A0 D).ty () = T A ()




Example

* Fuzzy relation associated with (X,Y) is P
 Triangular fuzzy sets A,(x,4,5,6) =A, A, (y.8,10,12) =B

e t-norm: algebraic product

2 elation P o (b) Contours of P




Multiple fuzzy inputs: disjunctive canonical form

g:X;IsAjor X,isA,or....or X iISA,  disjunctive canonical form
X are fuzzy (linguistic) variables

A : fuzzy sets on X,

1=1,2,..n

Compound proposition induces a fuzzy relation Q on X xX x... X

Q04 X2 Xn) = A(Xq)SAp(X2)S...8A (Xn) = élﬁi &Pl s(S = t-conorm
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e t-conorm: probabilistic sum

(d) Contours of Q




Rule base

e Fuzzy rule: If XisAthenYisB = relationship between Xand Y

» Semantics of the rule is given by a fuzzy relation Ron XXY
* Rdetermined by a relational assignment

R(xy) =1 (A(X),B(y)) D(x, y)UXxY

f:[0,1]%> - [0,1]
 In general f can be

— fuzzy conjunction: f,

— fuzzy disjunction: f,
— fuzzy implication: f.




Fuzzy conjunction

Choose a t-norm t and define:

R(x,y) =1 (x,y) = AX) t B(y) D(xy) O XxY

Examples:
et =min
R.(X,y) =f.(X,y) = min[A(X) t B(y)] (Mamdani)
 t = algebraic product

R, (X,y) =1, (x,y) = AX)B(Y) (Larsen)
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Example

A(X)B(Y)

R,(x.Y)

=A(X)B(Y)

R,(X.Y)




Fuzzy disjunction

Choose a t-conorm s and define:

R(x.y) =1 (x,y) =A(X) s By) D(xy) O XxY

Examples:
* S= max
Ry(Y) = fy (X,y) = maxiA(x) t B(y)]
e s= Lukasiewicz t-conorm

R, (x.y) =1,(x,y) = min[1,A(X) + B(y)]




Example: s= max

(a) Fuzzy rule & -> B as R=
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R,(x,y) = max{A(x), B(y)} R, (x,y) = max {A(x), B(y)}




Example: s = Lukasiewicz

(b Fuzy rule & -> B as B={
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R.(x,y) = min{1, A(x)+B(y)}




Fuzzy implication

» Choose a fuzzyimplication f; and define:

R(x,y) =f (x,y) 0O(xy) OXxY

f :[0,1F - [0,1] is a fuzzy implication if:
1. B(yy) < B(y,) = f; (A(X), B(yy)) = f; (A(X), B(y,)
2. £.(0,B(y)) =1

3. f,(1,B(y)) = B(y)

monotonicity 2nd argument
dominance of falsity

neutrality of truth




e Further requirements may include:

4. A(xy) < A(X,) = T (A(xy), B(Y)) = f; (A(x,), B(Y))
5. (A(X), f; (A(Xy), B(Y)) =1 (A(X,), T, (A(X), B(y))
6. (AX), A(X)) = 1

7.1 (AX), B(y)) = 1 = A(X) < B(y)

8.f, Is a continuous function

monotonicity 15t argument
exchange

identity

boundary condition

continuity




Examples of fuzzy implications

Name

Lukasiewicz

Pseudo-Lukasiewicz

Pseudo-Lukasiewicz

Gaines

Godel

Goguen

Kleene

Reichenbach

Zadeh

Klir-Yuan

Definition

f,(A(), B(y)) = min [1, 1= A(X) + B(Y)]

1- A(X)+ (A +1)B(y)
1+AA(X)

fx(A(X),B(Y)) = min[l,

fw(A(),B(Y) = min[L, @~ AC)" +B(y)")"' ]

1 if A(X)<B(y)
0  otherwise
if A(X) < B(y)
otherwise
if A(X)<B(y)

otherwise

fa(A(X),B(Y)) ={

fq (A ,B(Y)) =

fo(A(X),B(Y)) = max[1- A(x),B(y)]
fr (A(X),B(y)) =1- AX) + A(X) B(y)]
f2(A(x),B(y)) = max [1- A(x),min (A(x) ,B(Y))]

fic (AX),B(y)) =1- A(X) + A(X) % B(y)

Comment




Example: f,= Lukasiewicz
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Example: f, = Klir—Yuan

- Yuan irmplication and triangular
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R (x.y) = 1-A(X)+AX)?B(y)




» Categories of fuzzy implications:

1. s-implications

fis(A(X), B(Y)) = A(¥)sB(y) DO(xy)OXxY
fp (A(X), B(y)) = maxL- A(X),B(y)] Kleene
fg (A(X), B(Y)) =min{1,1- A(x) + B(Yy)} Lukasiewiz
2. r-implications

fir (A(), B(y)) =suplc O[04 | A)tc< B(y)]  D(x,y) DXxY

t =min

[ if A(X) < B(y)
fg (A(X),B(Y)) = {B(y) A(X) > B(y)

Godel




Semantics of gradual rules

the XIS A, the YisB = B(y)=A(X UOxOX andOylY

Bny= {YUY |B(y) 2 A(X)} for each xUX
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Main types of rule bases

e Fuzzy rule base ={R, R,,.... R} = finite family of fuzzy rules
* Fuzzy rule base can assume various formats:
1. fuzzy graph
R: If XisA thenYisB, is a fuzzy granule in XxY,i=1,...N
2. fuzzy implication rule base
R: If XisA thenYisB, is fuzzy implication, i =1,...N
3. functional fuzzy rule base

R: If XisA theny=f(x) is a functional fuzzy rule,i=1,...N




Fuzzy graph

» Fuzzy rule base R = collection of rules R, R,,.... Ry
» Each fuzzy rule R is a fuzzy granule (point)
* Fuzzy graph = Ris a collection of fuzzy granules

 granular approximation of a function

N N
R=UR = U(A xB)
=1 =1

e R= R,orR,or...or Ry

* general form

R(x,Y) = STA (B, (¥)]




Point P in XxY
P = AxB

Ais a singleton in X
Bis a singletoninY




Granule

Granule G in XxY
G = AxB

Ais an interval in X

Bis aninterval In Y




Fuzzy granules = fuzzy points

(b) Fuzzy granule R

fuzzy granule Rin XxY
R = AxB
Alis a fuzzy set on X
Bis afuzzy setonY




Fuzzy rule base as a set fuzzy granules




Graph of a function f and its granular approximation R




Fuzzy rule base and fuzzy graph

Example 1

b)Fuzzy rule base as a fuzzy graph (t = min)

=1\)]

max R(x,y),1 = 1,...,N




Fuzzy rule base and fuzzy graph

Example 2

(d) Fuzzy rule base as a fuzzy graph (t = product)




Fuzzy implication

» Fuzzy rule base R = collection of rules R, R,,.... Ry
» Each fuzzy rule R is a fuzzy implication
» Fuzzy rule base Ris a collection of fuzzy relations
o relation Ris obtained using intersection
N N N
R=NR =Nfi = N(A =B))
=l i=1 =1

*R= R and Rand...and R,

* general form

N
I fi (A (),Bi (¥)




Fuzzy rule as an implication

(b) Lukasiewicz implication R

fuzzy rule Rin XxY
R=f,(AB)
Lukasiewicz implication




uzzy rule base and fuzzy implication

xample la

(b) Fuzzy rule base as Lukasiewicz implication ¢hin)

f,(AB)= R(xy) =min [1, 1 -A(X) + B(y)] Lukasiewicz implication

N R = RXY) =min[R(Xy),i=1,...,5 min t-norm




Fuzzy rule base and fuzzy implication

Example 1b

(b) Fuzzy rule base as Lukasiewicz implication ¢hin)

=f,(AB)= R(xy) = min [1, 1 -A(X) + Bi(Y)] Lukasiewicz implication

N R = Ry =R/(XYy) t R(xy)t ...t R(x)y) Lukasiewicz t-norm




Fuzzy rule base and fuzzy implication

Example 2a

) Fuzzy rule base as Zadeh implication (t = min)

f,(AB)= R(Xy) = max [1 -A(X), mIin(A(X), Bi(y)] Zadeh implication
N R = RXYy) =min[R(Xy),i=1,..., 5] min t-norm




Fuzzy rule base and fuzzy implication

Example 2b

) Fuzzy rule base as Zadeh implication (t = Liga&z)

=f,(A,B) = R(x)y) = max [1 -A(X), min(A(X), B(y)] Zadeh implication
N R = Ry =R/(XY) t R(XY) ...t R(Xy) Lukasiewicz t-norm




Data base

e Data base contains definitions of:
— universes
— scaling functions of input and output variables
— granulation of the universes membership functions

e Granulation
— granular constructs in the form of fuzzy points
— granules along different regions of the universes

« Construction of membership functions
— expert knowledge
— learning from data




Granulation

granular constructs in granules along different
the form of fuzzy points regions of the universes




Fuzzy inference

e Basic idea of inference

X=a

y=f(x
y=b

b=Proj, (a, n f)

U
b=Proj (1)




Inference involves operations with sets

XxX=A
y="f(x)
B =f(A) ={f (x), xJA}

B=Proj, (A.n f)
U
B=Proj, (I)




Inference involving sets and relations

XIS A
(xy) ISR
yisB

B = Proj, (A, n R)

U
B=Proj, (I)




Fuzzy inference ands operations with fuzzy sets and relations

XisA  (fuzzy set orX)
(X,Y) isR (fuzzy relation orXxY)
YisB (fuzzy set ory)

B = Pro}, (A, n R)
U

B = Pron ( | ) B(y) = fé')?{ AXtR(X,y)}




Fuzzy inference

e Compositional rule of inference

Xis A
(X,Y)isR
YisB

XIS A
(X,Y)isR
Yis AoR




Fuzzy inference procedure

procedure FUZZY-INFERENCE A, R) returns a fuzzy set
input : fuzzy relationR

fuzzy setA
local: X, y: elements oK andY

t: t-norm

for all xandydo
AlXy) < AX)
for all xandydo
I(X’y) p AC(X,y) t R(X,y)

B(y) < sup l(xy)
return B




Example: compositional rule of inference

(&) Fuzzy Set A on X (h) Fuzzy Relation R on X and ¥

it

(g} Intersection I of R and cyla and its projection B

i tt‘;tl“nll“.‘n h




Example: fuzzy inference with fuzzy graph

(&) Fuzzy Set & on X () Fuzzy Relation R on X and ¥

(d) Intersection [ of R and cyl4 and its projection B




11.5 Types of rule-based

systems and architectures




Linguistic fuzzy models

XisAandYisB
If XisA;and Yis B, then Zis C,;

rule base
If Xis Ayand Yis B then Zis C

ZisC

« all fuzzy sets A, B, A,sand B,,sare given
* rule and connectives (and, or) with known semantics




min-max fuzzy models

Assume

P: XisAandYisB P(x,y) = min{A(X), B(y)}

R: If XisA andYisB, then Zis C R(Xy,2 = min{A(X), B(y), Ci(2)}

Using the compositional rule of inference (t = min)

N
C=PoR=P- JR
i=1

C(2) =sudmin[ P(x,y),max®R ( x,y,2),i =1,...,N)]}
X,y




N N N
c=PoR=PoJR = U(P<R) = Ui
=1 =1 =1

Ci =P°R

Ci(2) =sudmin[ P(x,y), R ( x,y,2)]} =sud A(x) OB(y) UA (x) UB; (y) OG; ()]}
X,y X,y

SUFA(X) 0 A (1= Poss@A) =m
X

SufiB(y) C1B; (y)] = PossB,B) =1y
y
Ci(2)=m On O0Gi(2)

C(2) = max{(m Un)GC;,i =1,...,N} = max{4 UGC;(2),i =1,...,N}

/i 1s thedegreeof activationof i —th rule




min-max fuzzy model processing

procedure MIN-MAX-MODEL ( A,B) returnsa fuzzy set
local: fuzzy setsA, B, C,1=1,..,N
activation degreest

| nitialization C =[]

for 1=1:Ndo

m = max (min @, A))

n. = max (min g, B))

A =min (m,n)

if A #0then C' =min (A, C) andC = max(C, C))
return C




Example: min-max fuzzy model processing
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Special case: numeric inputs

1 if X=X,
0 otherwise

1 if y=y,
0 otherwise

A(X) = {

and B(y) :{

Numeric output

- jz 2C(2)dz

= centroid defuzzifiation
Jz C(2)dz

weightedaveragemodalvaluesy,



Example

Xisx,andYisy,
If XisA,andYis B, then Zis C;
If XisA,andYis B, then Zis C,

2, centroid defuzzification

(a) Input and output fuzzy sets
Al ><
-1 -0.5 0 0.5 1
B2

- -1. -1 -0.5 0 0.5 1 15y 2
T Cl T T T C2

X

0 0.5 1

Inputs

rules

(X, Yo), UX,, vy, U[-2, 2]

(b) Input-output mapping




min-sum fuzzy models

Assume

P: XisAandYisB P(x,y) = min{A(X), B(y)}

R: If XisA andYisB, then Zis C R(Xy,2 = min{A(X), B(y), Ci(2)}

Using the compositional rule of inference (t = min)

Ci(2) =sud A(x) OB(y) OA (x) OB (y) UG (2)]
X,y
Additive fuzzy models
N
C) =S wC (Kosko, 1992)
i=1




Example: min-sum fuzzy model processing




min-sum fuzzy model architecture




Example

Xisx,andYisy, (Xor ¥Yo)s X, Y, U[-2, 2]

If XisA,andYis B, then Zis C;
If XisA,andYis B, then Zis C,

w, =w, = 1, centroid defuzzification

(a) Input and output fuzzy sets
Al T T T A\2

O

-1 0.5 0 0.5 1
B2 ‘ ‘ ‘ B2

=

(b) Input-output mapping

1 -0.5 0 0.5 1 15 y 2
C1 ‘ ‘ ‘ c2

X,

0 0.5 1




product-sum fuzzy models

1- Product—probabilistic sum

(b) Input-output mapping of product-probabilistiens model

Ci (2 =mn;Ci(2)

N
C(29)=SpCi(29)

=1

2- Product—sum

Ci (2 =mnCi(2)

N
C(9=2GC (2




3 - Bounded product-bounded sum

(c) Input-output mapping of bounded product-bounslech model
Ci(2=mOn0C(2) .

N
C(9= 0 Ci(29

allb=max{0,a+b-1}
allb=min{l,a+b}

a,b0[0]




Functional fuzzy models

XisxandYisy

If XisA,andYis B, then z=1, (x,y)

If Xis Ayand Yis By then z=f (x)y)

Ai(xy) =A(X) tB(y) t=t-norm

N
z= Y w(xy)fi(xy)),
i=1

rule base

degree of activation




Functional fuzzy model architecture




Example 1

Xis x inputs  x [ [0, 3]
If Xis A, then z=Xx

rules
If XisA,thenz=—-x+3

(a) Antecedent fuzzy sets (b) Consequent functions




X if x(01]
A)X+Ag(X)(-x+3) if xO[12]
-X+3 if xO[2,3)

(b) Output of the functional model




Example 2

Xis x inputs  x0[0, 3]
If Xis A, then y=—sin(X) )

If Xis A, then y=—05x

If XisAsthen y= sin@Bx)

(a) Antecedent fuzzy sets (b) output of the functional fuzzy model




Example 2

Xis x inputs  x0[0, 3]
If XisA, then y=-1

If XisA,then y= X

If XisAgthen y= 1

(a) Antecedent fuzzy sets (c) output of the functional fuzzy model




Gradual fuzzy models

R: Themore Xis A themore Zis C,

1 if G(2=2A((X)
O otherwise

F%(><,y)={

N N
C=N(Cq; =MNCq
i=1 i=1



Gradual fuzzy model architecture




Example: gradual fuzzy model processing




Example

Xis x inputs x 0[O0, 3]
Themore Xis A, themore Zis C;

rules
Themore Xis A, themore Zis C;

output




11.6 Approximation properties

of fuzzy rule-based models




 FRBS uniformly approximates continuous functions
— any degree of accuracy

— closed and bounded sets

 Universal approximation with (Wang & Mendel, 1992):

— algebraic product t-norm in antecedent
— rule semantics via algebraic product

— rule aggregation via ordinary sum

— Gaussian membership functions

— sup-min compositional rule of inference
— pointwise inputs

— centroid defuzzification




» Universal approximation when (Kosko, 1992):
— min t-norm in antecedent
— rule aggregation via ordinary sum
— symmetric consequent membership functions
— sup-min compositional rule of inference
— pointwise inputs

— centroid defuzzification

(additive models)




» Universal approximation with (Castro, 1995):
— arbitrary t-norm in antecedent
— rule semantics: r-implications or conjunctions
— triangular or trapezoidal membership functions

— sup-min compositional rule of inference

— pointwise inputs

— centroid defuzzification




11.7 Development of rule-based

systems




Expert-based development

» Knowledge provided by domain experts
— basic concepts and variables

— links between concepts and variables to form rules

» Reflects existing knowledge
— can be readily quantified

— short development time




Example: fuzzy control

-.e Fuzzy u y
ﬁﬂ*

R: If Error isA and Change of Error i8, then Control isC.

R: If eisA anddeis B, then uis C,




R: IfeisA anddeis B, then uis C

Change of Errorde) / Error €)
NB
NM
NS
Z
PS
PM
PB




Data-driven development

» Given a finite set of input/output pairs
{(X. Y, k=1,...,M}

X, = [Xyoo Xopoe-+e %] TR
Z. = [X. ¥ OR™Y k=1,...,M

e Clustering z, = [X,, Y] UR™, k=1,..,M (e.g. using FCM)
Vy, V,,....My  prototypes/cluster centers

v,OR™ i=1,.N

e Idea: fuzzy clusters = fuzzy rules







 Projecting the prototypes in the input and output spaces
V4[yl, V,lYl,....Vy[Y] projections of prototypes in Y

V,[X], V,[X],....vy[X] projections of prototypes in X

*R:If XisA thenYisC,i=1,...,N




11.8 Parameter estimation for

functional rule-based
systems




* Functional fuzzy rules

eR:If X, isA;and...and X ISA,thenz=a, +a X + ....+a.X,
1=1,...,N

» Given input/output data: {(Xy, Y1), Kor Yo)yeeees&aps Yin)}

* Leta = [a, &, ap,..-, &p]"

» Output of functional models
- N A (X
Vi = 2 Wik fi (xidy), - Wik :N'(—k)
= % (%)
i=1
 Output for linear consequents







Global least squares approach

Min, J5(8) = [ly — ZalF

ly - Zalf = (y — Za)" (y — Za)

Solution

Aot = "y

Z# = (2727




Local least squares approach

| N 2
Mingdy (@) =Y |y - Z;aj|
i=1

Solution

aiopt: Zi#y

Zr=(4'y*Z!




11.9 Design issues of FRBS:

Consistency and
completeness




Given input/output data: {(Xq, Y1), X ¥2),---,&y Y)}

consistency
ﬁ completeness

accuracy




Completeness of rules

 All data points represented through some fuzzy set
v A(x) >0 forallk=1,2,...M

* Input space completely covered by fuzzy sets
v Ai(x) >oforallk=1,2,...M



Consistency of rules

e Rules in conflict
— similar or same conditions

— completely different conclusions

Conditions and Different
Conclusions Conclusions

rules are redundant

different rules;
could be eventually different rules
merged

Different
Conditions




If XisA thenYisB
If Xis A then Yis B,

M
cons(, j) =2{I Bi (Yk) =Bj (Vi) |= | A (%) = Aj (X [}
=1

Alternatively

M
consy, j) = > {Poss® (xx) ,Aj (X)) = PossB; (yk).Bj (Yk))}
i=1

= Is an implication induced by some t-norm (r-implication)

1 M .
cons{) =M > cons{, j)
j=1




11.10 The curse of dimensionality

In rule-based systems




e Curse of dimensionality
— number of variables increase

— exponential growth of the number of rules

« Example
— n variables

— each granulated using p fuzzy sets

— number of different rules = p"

« Scalability challenges




11.11 Development scheme of

fuzzy rule-based models




« Spiral model of development

— incremental design, implementation and testing

— multidimensional space of fundamental characteristics

. Accuracy
Stability

Knowledge
Interpretability Representation




