
A Survey of Fuzzy Convex Programming
Models

Ricardo C. Silva, Carlos Cruz, José L. Verdegay, and Akebo Yamakami

Abstract. Optimization is a procedure of finding and comparing feasible
solutions until no better solution can be found. It can be divided into sev-
eral fields, one of which is the Convex Optimization. It is characterized by
a convex objective function and convex constraint functions over a convex
set which is the set of the decision variables. This can be viewed, on the one
hand, as a particular case of nonlinear programming and, on the other hand,
as a general case of linear programming. Convex optimization has applica-
tions in a wide range of real-world applications, whose data often cannot be
formulate precisely. Hence it makes perfect sense to apply fuzzy set theory
as a way to mathematically describe this vagueness. In this paper we re-
view the theory about this topic and describe some flexible and possibilistic
programming models to solve fuzzy convex programming problems. Flexi-
ble programming uses fuzzy sets to represent the vagueness of the decision
maker’s aspirations and constraints, while possibilistic programming models
imprecise or ambiguous data by possibility distributions.

1 Introduction

Mathematical programming is used to solve problems, achieving the best
outcome of the objective function in a function domain that can be con-
strained or not. This kind of problem is called an optimization problem or
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Department of Computer Science and Artificial Intelligence, University of Granada,
E-18071, Granada, Spain
e-mail: {carloscruz,verdegay}@decsai.ugr.es

Ricardo C. Silva · Akebo Yamakami
Department of Telematics, School of Electrical and Computer Engineering, P.O.
Box 6101, University of Campinas, 13083-970, Campinas, SP, Brazil
e-mail: {rcoelhos,akebo}@dt.fee.unicamp.br

W.A. Lodwick & J. Kacprzyk (Eds.): Fuzzy Optimization, STUDFUZZ 254, pp. 127–143.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2010



128 R.C. Silva et al.

a mathematical programming problem, in which the aim is to find the best
of all possible solutions. More formally, find a solution in the feasible region
which has the minimum (or maximum) value of the objective function. If
all the functions are linear, we obviously have a linear program. Otherwise,
the problem is called a nonlinear program. However, many realistic problems
cannot be adequately represented or approximated as a linear program ow-
ing to the nature of the non-linearity of the objective function and/or the
non-linearity of any of the constraints. As it is well known Convex Program-
ming represents a special class of mathematical programming in which the
objective function is convex and the set of constraints are formed by convex
functions over a convex decision space.

Thus, on the one hand, it is clear that convex programming encompasses
all linear programming problems, including applications in scheduling, plan-
ning and flow computations, and they may be used to solve some interesting
combinatorial optimization problems. On the other hand, it can be viewed
as a particular case of nonlinear programming and it is more general than
quadratic programming. Nowadays we can use highly efficient and robust al-
gorithms and software for convex programming which are important tools
for solving problems in diverse fields. However in many real practical appli-
cations one lacks of exact knowledge [14], and only approximate, vague and
imprecise values are known. Experience shows that the best way of modeling
these kinds of problems is using Soft Computing methodologies [33].

In recent years, Soft Computing, and Fuzzy Logic in particular, has shown
great potential for modeling systems which are non-linear, complex, ill-
defined and not well understood. Fuzzy Logic has found numerous and dif-
ferent applications due to its easy implementation, flexibility, tolerant nature
to imprecise data, low cost implementations and ability to model non-linear
behavior of arbitrary complexity because of its basis in terms of natural
language.

In the fuzzy environment, as it happens in the case of linear program-
ming problems, a variety of fuzzy convex programming problems can be de-
fined: Convex programming problems with a fuzzy objective, i.e., with fuzzy
numbers defining the costs of the objective function, convex programming
problems with a fuzzy goal, i.e., with some fuzzy value to be attained in the
objective, convex programming problems with fuzzy numbers defining the
coefficients of the technological matrix and, finally, with a fuzzy constraint
set, i.e., with a feasible set defined by fuzzy constraints.

Thus, fuzzy convex programming is applied in a wide range of disci-
plines, such as: control systems problems [13, 21, 29], production planning
and scheduling problems in the complex industrial systems [26, 27], model-
ing multi-product aggregate production planning (APP) problems with fuzzy
demands and fuzzy capacities [28], regression models [8, 25, 7], portfolio selec-
tion problem [1, 12, 16, 24, 31, 35, 34]. Some others interesting papers where
various authors apply soft computing methodologies to convex programming
are [2, 15, 17, 23, 26, 36].
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With this in mind, the objective of this paper is to review the theory
about this topic and to describe some flexible and possibilistic approaches
to solve fuzzy convex programming problems remarking some limitations in
their formulations.

The paper is organized as follows: Section 2 shows how is formulated a con-
vex programming problem and what problems belong to it; Section 3 presents
the formulation of a convex programming problem under fuzzy environment
and describes some known flexible and possibilistic methods that were devel-
oped to solve fuzzy convex programming problems with uncertainties in the
relationships or coefficients. In Section 4 is described a approach that solves
convex programming problems with uncertainties in the relationships and an
numerical example is solved by using this appraoch. Finally, conclusions are
presented in Section 5.

2 Convex Programming

Some real-world problems can be formulated as mathematical programming
problems that find to obtain the best solution according to the situation
to be solved. This problems can have one or several objectives over a set of
constraints or not, but only the problems with one objective will be described
in this work. Then, these mathematical programming problems can be written
as

min f0(x)

s.t. fi(x) ≤ 0 i = 1, . . . ,m

x ∈ Ω .

(1)

where x is a decision variables vector, Ω is the feasible solutions convex set
in �n, f0 :�n →� is the objective or cost function, and fi :�n →�, for each
i = 1, . . . ,m, are constraint functions.

Nevertheless, a convex optimization problem is one in which the objective
function, f0, is convex, and the feasible solution set formed by the constraints,
fi(i = 1, . . . ,m), if any, form a convex set [5, 4]; i.e. the function satisfies the
following equation:

f (αx +(1−α)y)≤ α f (x)+ (1−α) f (y)

for all x,y ∈�n and all α ∈ [0,1].
According to the definition of convex optimization, it is easy to see that the

linear programming problems belong to this kind of problems. There are many
other problems that belong to the set of convex programming problems but we
can highlight the quadratic programming problems that are most important
in a great field of real-world problems and defined how a quadratic problem
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if the objective function is quadratic and constraint functions are linear. Thus,
Problem (1) can be rewritten as a quadratic programming problem in the
following way:

min z = f0(c,x) = ctx+ 1
2 xtQx

s.t. f(A,x) = Ax ≤ b
x ≤ 0

(2)

where c is the n-dimensional vector and Q is the n×n-dimensional matrix of
profit coefficients of the objective function, b is the m-dimensional vector of
total resources available, A is the matrix of technical coefficients, and x is the
n-dimensional vector of decision variables (or alternatives).

If an optimization problem can be formulated as a convex optimization
problem, then it is solved efficiently.

3 Fuzzy Convex Programming

Similar as the case of fuzzy linear programming problems [15], a large number
of fuzzy convex programming problems can be defined. The uncertainties can
be found in the relationships, constants, decision variables or in all parameters
of the problem. In contrast to fuzzy linear programming problems where
much research has been conducted, unfortunately, little has been done with
this important class of problems.

A conventional programming problem (1) can be transformed into a fuzzy
convex formulation with vagueness in all their parameters as:

˜min f0(c̃; x̃)

s.t. fi(ã; x̃) � 0̃ i = 1, . . . ,m

x̃ ∈ Ω̃ .

(3)

where x̃ is the fuzzy variables decision vector, Ω̃ is the fuzzy feasible solutions
set, c̃ is the fuzzy cost vector, ã is the fuzzy coefficients vector of the constraint
functions, and � is the fuzzy relation.

Each fuzzy parameter in Problem (3) can be defined by membership func-
tions such as: μi :�→ [0,1], i = 1, . . . ,m.

According to a general classification of fuzzy mathematical programming
into flexible programming [12, 37] and possibilistic programming [10, 11, 22]
several methods to solve convex programming will be presented in next sub-
sections. The distinction between flexible (fuzzy) programming and possi-
bilistic programming is developed in . Flexible programming uses fuzzy sets
to represent the vagueness of the decision maker’s aspirations and constraints
and possibilistic programming models imprecise or ambiguous data by possi-
bility distributions.
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3.1 Flexible Convex Programming

In this subsection we will describe some approaches that use flexible optimiza-
tion to solve fuzzy convex programming problems. The uncertainties can be
found in the costs of the objective function and/or constants of the constraint
functions of the problem.

3.1.1 Tang and Wang Approach

Tang and Wang [26, 27] proposed two methods to solve the quadratic pro-
gramming problems. They study quadratic programming problems with a
type of fuzzy objective and resource constraints and its solution method: an
interactive approach. Also, they focus on a non-symmetric model for fuzzy
nonlinear programming problems with penalty coefficients and attempts to
develop a systematic approach to solve them. It uses a kind of nonlinear
membership function to describe the fuzzy available resources and fuzzy
constraints.

Hence, quadratic programming problems with uncertainty in the vector of
the independent coefficients b̃ is defined by Tang and Wang in the following
way:

˜min ctx+ 1
2 xtQx

s.t. Ax ≤ b̃

x ∈ Ω .

(4)

A membership function for each fuzzy component of vector b̃ is needed to
solve this problem:

μi(y) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

1 y ≤ bi

1− y−bi

di
bi ≤ y ≤ bi + di

0 y > bi + di

where di,(i = 1, . . . ,m) is the allowed maximum tolerance in each restriction.
Similar as extended Zimmermann’s approach [2] the membership function
can be transformed as:

max α

s.t. μ0(x) ≤ α

μi(x) ≤ α, i = 1, . . . ,m

x ∈ Ω , α ∈ [0,1].

(5)
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or

max Target

s.t. μ0(x) ≤ α0

μi(x) ≤ α0, i = 1, . . . ,m

x ∈ Ω , α0 ∈ [0,1].

(6)

where α0 is a satisfaction degree that is in the interval [0,1]. This degree is
an acceptable value chosen by the decision maker. Target can be an objective
function, restrictions or another goal given by the decision maker.

According to described idea in [26, 27] an optimal solution can be defined
as:

Definition 1. A fuzzy optimal solution of Problem (4) is a fuzzy set S̃ defined
by

S̃ = {(x,μS̃(x))|x ∈ Ω}
with

μS̃(x) = min{μ0(x),μ1(x), . . . ,μm(x)}.
If

Sα = {x ∈ Ω |μS̃(x) ≥ α},
where α ∈ [0,1]. Then Sα is a set with cutting level ≥ α of S̃.

Definition 2. α∗ is the best satisfaction level if there exists an α ∈ [0,1],
such that ∀ 0 ≤ α < α∗, Sα is non-empty and, ∀ α ≥ α∗, Sα is empty.

This approach uses a classic inequality concept to compare kind of different
numbers. Thus, it is limited because this approach formulates a comparison
of fuzzy numbers, vector of right-hand sides, with a crisp matrix of constraint
coefficients.

3.1.2 Liu Approach

An approach to solve quadratic programming problems with fuzzy costs and
fuzzy coefficients in the restrictions set was proposed by Liu [17, 18]. Vector
constants c and b, and the matrix A are uncertainties. Thus, Problem (2)
can be transformed into fuzzy programming problem in the following form:

min c̃x + 1
2 xtQx

s.t. Ãx ≤ b̃

x ∈ Ω .

(7)



A Survey of Fuzzy Convex Programming Models 133

where c̃ = {(c j,μc̃ j (c j)), j = 1, . . . ,n|c j ∈ supp(c̃ j)}, Ã = {(ai j,μãi j (ai j)), i =
1, . . . ,m y j = 1, . . . ,n|ai j ∈ supp(ãi j)} and b̃ = {(bi,μb̃i

(bi)), i = 1, . . . ,m|bi ∈
supp(b̃i)}.

The authors derive the membership function of the fuzzy goal, and then
they apply Zadeh’s extension principle to transform the fuzzy quadratic prob-
lem into a pair of two-level mathematical programs to calculate the upper and
lower bounds of the objective value at possibility level. These programs can
be solved by conventional optimization techniques. Thus, the membership
function of the objective function can be defined as

μZ̃(z) = sup
c,A,b

min{μc̃ j (c j),μãi j (ai j),μb̃i
(bi), ∀i, j|z = Z(c,A,b)} (8)

where Z(c,A,b) is the function of the conventional quadratic problem (3).
Membership function μZ̃ can be computed by finding the functions that de-
scribe the shape of the left and right sides of the fuzzy numbers. Then, it is
possible to obtain the upper bound of the objective value ZU

α and the lower
bound ZL

α to each value α. Thus, ZU
α is the maximum and ZL

α is the minimum
of Z(c,A,b), respectively, that can be described as:

ZU
α = max{Z(c,A,b)} (9)

ZL
α = min{Z(c,A,b)} (10)

where each component j of the vector c belong to the interval [(c j)L
α ,(c j)U

α ],
each components i j of the matrix A belong to the interval [(ai j)L

α ,(ai j)U
α ], and

each component i of the vector b belong to the interval [(bi)L
α ,(bi)U

α ], for all
i = 1, . . . ,m and j = 1, . . . ,n.

Different values of fuzzy parameters produce different objective values,
then equations (9) and (10) can transform the fuzzy quadratic problem into
two levels.

Using equation (9) the fuzzy problem can be transformed as:

ZU
α =

max
(c j)L

α ≤ c j ≤ (c j)U
α

(ai j)L
α ≤ ai j ≤ (ai j)U

α
(bi)L

α ≤ bi ≤ (bi)α

⎧

⎨

⎩

minx ∑n
j=1 c jx j + 1

2 ∑n
j=1 ∑n

l=1 q jlx jxl

s.t. ∑n
j=1 ai jx j ≤ bi, i = 1, . . . ,m

x ∈ Ω
(11)

where goal value ZU
α is the upper bound of the classical quadratic program-

ming problem.
Using equation (10) the fuzzy problem can be transformed as:

ZL
α =

min
(c j)L

α ≤ c j ≤ (c j)U
α

(ai j)L
α ≤ ai j ≤ (ai j)U

α
(bi)L

α ≤ bi ≤ (bi)α

⎧

⎨

⎩

minx ∑n
j=1 c jx j + 1

2 ∑n
j=1 ∑n

k=1 q jkx jxk

s.t. ∑n
j=1 ai jx j ≤ bi, i = 1, . . . ,m

x ∈ Ω
(12)
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where goal value ZL
α is the lower bound of the classical quadratic programming

problem.
These two formulations above need two programs to solve them called

outer-level and inner-level programs. Outer-level program obtains the values
c j, ai j and bi that are used with parameters by inner-level program. Inner-
level program solves a classical quadratic programming problem with the
data obtained by outer-level program. The authors state that the formula-
tion of two-level quadratic problems is a generalization of the conventional
parametric quadratic programming problem.

Thus, firstly, the two-level mathematical program is transformed into the
following quadratic problem by dual formulation:

max − 1
2 ∑n

i=1 ∑n
j=1 hi jxix j −∑m

i=1(bi)U
α λi

s.t. ∑n
i=1 hi jxi + ∑m

i=1 ai jλi − δ j = −c j, j = 1,2, . . . ,n
(c j)L

α ≤ c j ≤ (c j)U
α , j = 1,2, . . . ,n

(ai j)L
α ≤ ai j ≤ (ai j)U

α , i = 1,2, . . . ,m, j = 1,2, . . . ,n
λi,δ j ≥ 0, i = 1,2, . . . ,m and j = 1,2, . . . ,n.

(13)

Since both the inner-level program and outer-level of the second program
have the same minimization operation, they can be combined into a conven-
tional one-level program with the constraints of the two programs considered
simultaneously. Consequently, some points must be analyzed which are shown
in [17, 18]. The second program can be described as:

max ∑n
j=1(c j)L

α + 1
2 ∑n

i=1 ∑n
j=1 hi jxix j

s.t. ∑n
i=1(ai j)L

α xi ≤ (bi)U
α , i = 1,2, . . . ,m

x j ≥ 0, j = 1,2, . . . ,n
(14)

This approach is limited because it uses in their formulation a crisp inequality
to compare fuzzy numbers, vector of right-hand sides, with a fuzzy matrix of
constraint coefficients.

3.1.3 Ammar and Khalifa Approach

An approach to solve quadratic programming problem with fuzzy costs Q̃,
fuzzy matrix coefficients Ã and the restrictions set vector b̃ was proposed in
[1]. Thus, Problem (2) can be defined in the following form:

min xtQ̃x

s.t. Ãx ≤ b̃

x ∈ Ω .

(15)

where all decision variables are non-negative
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Problem (15), can be defined in α-cut intervals as:

(Pα) : min xt[QL
α ,QU

α ]x

s.t. [AL
α ,AU

α ]x ≤ [bL
α ,bU

α ]

x ∈ Ω .

(16)

where all decision variables are non-negative and α ∈ (0,1].
Problem (16) can be divided into two classic problems. Using the lower

bound of the interval of α-cuts for the first problem and using the upper
bound for the second we can transform this problem as:

(PL
α ) : min xtQL

α x

s.t. AL
α x ≤ bL

α

x ∈ Ω .

(17)

(PU
α ) : min xtQU

α x

s.t. AU
α x ≤ bU

α

x ∈ Ω .

(18)

where all decision variables are non-negative and α ∈ (0,1].

These problems can be solved by Karush-Kuhn-Tucker´s conditions. The
optimal solution of original problem (16), (Pα), is inside the solution interval
formed by each value of α ∈ [0,1], and where bounds are obtained by some
convex optimization technique in the problems (PL

α) and (PU
α ).

This approach, similar as above approach, is limited because it formulates
a crisp inequality to compare fuzzy numbers, vector of right-hand sides, with
a fuzzy matrix of constraint coefficients. In addition, there is other limitation
because it divides the cost matrix with fuzzy elements in two parts which
form two quadratic programming problems. One of this problems is formed
with the inferior boundaries while the other is formed with the superior ones.
However, there not exists a proof that these problems obtain the inferior and
superior boundaries of the optimal solution, respectively.

3.2 Possibilistic Convex Programming

Some approaches that use possibilistic optimization to solve uncertain convex
programming problems will be showed in this subsection. The uncertainties
of problems will be described by the possibility theory. Possibilistic program-
ming uses real-valued entities that exist, but the evidence associated with
whether or not a particular element belongs to the set is incomplete or hard
to obtain.
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3.2.1 Canestrelli, Giove and Fullér Approach

Possibilistic quadratic problems with classic variables and imprecise coeffi-
cients can be well-posed with small change on possibilistic distribution of
objective function when a small change of membership function is provoked.
This happens if all α-level sets of two vagueness numbers are close to each
other then there can be only a small difference between their membership
degrees. The application of this approach described in [6] is used in a possi-
bilistic quadratic problem that is defined as:

min Z = ctx+ xtQx

s.t. Ax ≤ b

x ∈ Ω .

(19)

where Q̃ y Ã are matrixes with imprecise numbers, c̃ and b̃ are vectors with
imprecise numbers, and Ω is a decision variables set in �n. Each imprecise
value is associated to a possibilistic distribution.

Poss[Z = z] is defined as possibilistic distribution of the objective function
Z as developed in the following paragraphs. However, first it is necessary to
determine the possibility that x satisfy the i-th constraint which is described
as:

Poss[x ∈ Fi] = sup
(A)i,bi

{Π((A)i,bi)|(Ax)i ≤ bi}

where Π((A)i,bi) = min{ãi1(ai1), . . . , ãin(ain), b̃i(bi)}, (A)i is the marginal pos-
sibilistic distribution of (Ã)i, and bi is the marginal possibilistic distribution
of (b̃)i, for all i = 1, . . . ,m. Then, for x ∈ Ω ,

Poss[x ∈ F ] = min
i=1,...,m

Poss[x ∈ Fi].

A conditional possibility, Poss[Z = z|x], is defined in the second phase. Then,
the degree of possibility of objective function is formulated as:

Poss[Z = z|x] = sup
c,Q

{Π(c,Q)|ctx + xtQx = z}

where Π(c,Q) = mini, j{c̃ j(c j), q̃i j(qi j)}.
Therefore, applying the decision method of Bellman and Zadeh [3], the

problem distribution possibilistic is defined as:

Poss[Z = z] = sup
x∈Ω

min{Poss[Z = z|x],Poss[x ∈ F ]}.

Also, this approach formulates a crisp inequality to compare fuzzy numbers,
vector of right-hand sides, with a fuzzy matrix of constraint coefficients.
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3.2.2 Tonon and Bernardini Approach

An approach to solve fuzzy convex programming with fuzzy costs and fuzzy
coefficients in restrictions set is described in [30]. Problem (1) can be formu-
lated as a fuzzy convex problem in the following form:

min f0(u0;x)

s.t. fi(ui;x) ≤ 0 i = 1, . . . ,m

x ∈ Ω .

(20)

where x is a decision variables vector in the feasible solutions set Ω , f is
the objective function, gi are restrictions set functions for each i = 1, . . . ,m,
and up are fuzzy parameters vectors for each p = 0,1, . . . ,m in the objective
function and restrictions.

Vectors u j can be ordered as:

u j = {ui,1, . . . ,ui,ki ,ui,ki+1,...,ui,ki+li
}.

Non-interactive parameters are in the first ki positions and interactive pa-
rameters are in the next li vector positions [30]. The allowed values of
ui, j, j = 1, . . . ,ki are restricted by the possibility distribution function Fi, j.
Each dependent parameters vector, ui, j, j = ki + 1, . . . ,ki + li, is restricted by
a fuzzy relation Fi, j.

A level αi, j ∈ [0,1], which is chosen by decision maker, for each vector ui

is selected for i = 0, . . . ,m and j = 1, . . . ,ki + li, and each vector varies in a Ψi

set:
Ψi = {Fi,1(αi,1)× . . .×Fi,ki+li(αi,ki+li)}

where Fi, j(αi, j) marks a cut in the level αi, j of fuzzy set Fi, j. Thus, Problem
(20) can be transformed as:

minx,y y

s.t.

⎧

⎨

⎩

fi(ui;x) ≤ 0 ∀ ui ∈Ψ − i, i = 1, . . . ,m

f0(u0;x)− y ≤ 0 ∀ u0 ∈Ψ0
x ∈ Ω .

(21)

4 Extended Verdegay’s Linear Approach ([32])

As in [9], the constraints of a problem are defined as having a fuzzy nature,
that is, some violations in the accomplishment of such restrictions are permit-
ted. In this way, this approach tries to solve the limitations of formulations of
the almost last approaches. Therefore if we denote each constraint ∑ j∈J ai jx j,
by (Ax)i, Problem (2) can be addressed as follows:
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min ctx+ 1
2 xtQx

s.t. (Ax)i � bi, i ∈ I

x ∈ Ω

(22)

where the membership functions:

μi :�n → (0,1], i ∈ I

of the fuzzy constraints are to be determined by decision maker. It is clear
that each membership function will give the membership (satisfaction) degree
such that any x ∈�n accomplishes the corresponding fuzzy constraint upon
which it is defined. This degree is equal to 1 when the constraint is perfectly
accomplished (no violation), and decreases to zero for greater violations. For
non-admissible violations the accomplishment degree will equal zero in all
cases. In the linear case, these membership functions can be formulated as
follows:

μi(x) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

1 (Ax)i ≤ bi

1− (Ax)i −bi

di
bi ≤ (Ax)i ≤ bi + di

0 (Ax)i > bi + di

In order to solve this problem in a two-phase method, as it was shown in [23],
first let us define for each fuzzy constraint, i ∈ I

Xi = {x ∈�n/(Ax)i � bi,x ∈ Ω} .

If X =
⋂

i∈I Xi then last fuzzy quadratic problem can be described as:

min

{

ctx+
1
2

xtQx/x ∈ X
}

It is clear that ∀α ∈ (0,1] an α-cut of the fuzzy constraint set will be the
classical set

X(α) = {x ∈�n/μX(x) ≥ α}
where ∀x ∈�n,

μX(x) = min μi(x), i ∈ I

in which the inf function is used because the fuzzy number can be non-closed
set but the I set is finite.

Hence an α-cut of the i-th constraint will be denoted by Xi(α). Therefore,
if ∀α ∈ (0,1],

S(α) =
{

x ∈�n/ctx+
1
2

xtQx = min cty+
1
2

ytQy,y ∈ X(α)
}
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where the change of the variable is used to find the best solution in the set
X(α) formed by x ∈�n. The fuzzy solution to the problem will be the fuzzy
set defined by the following membership function

S(α) =
{

sup{α : x ∈ S(α)}, x ∈ ⋃

α S(α)
0, otherwise.

Provided that ∀α ∈ (0,1],

X(α) =
⋂

i∈I

{x ∈�n/(Ax)i ≤ ri(α),x ∈ Ω}

with ri(α) = bi +di(1−α). The operative solution to the former problem can
be found, α-cut by α-cut, by means of the following auxiliary parametric
classic programming model,

min ctx+ 1
2 xtQx

s.t. (Ax)i ≤ bi + di(1−α), i ∈ I
x ∈ Ω ,α ∈ (0,1].

(23)

It is easy to see that the first phase ends when the fuzzy convex programming
problem is transformed into several classic convex programming problems.
Each one of this problems depends on a parameter which represents the
satisfaction level defined by decision maker.

In the second phase the parametric quadratic programming problem is
solved for each of the different α values using conventional quadratic pro-
gramming techniques. We must find solutions to Problem (23) for each α
that satisfies Karush-Kuhn-Tucker´s necessary and sufficient optimality con-
ditions. One of the conventional techniques is to decide the Lagrange function
that is a transformation of Problem (23) in a unconstrained mathematical
problem:

L(x,μ ,ν) = ctx+ 1
2 xtQx+ μ t(Ax−b+ d(1−α))+ νt(0−x) (24)

where μ and ν are the Lagrange multipliers for the inequality and non-
negativity constraints respectively.

Each α is associated to a optimal solution of the parametric convex pro-
gramming problem and this solutions are called satisfactory solution which
generate a set of solutions. Then the Representation Theorem can be used to
integrate all these specific α-solutions.

Example 1. In order to show the performance of our method, we used the set
of historical data shown in Table 1 introduced by Markowitz. The columns
2-10 represent American Tobacco, A.T.&T., United States Steel, General Mo-
tors, Atcheson&Topeka&Santa Fe, Coca-Cola, Borden, Firestone and Sharon
Steel securities data, respectively. The returns on the nine securities, during
the years 1937-54, are presented in Table 1.
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Table 1 Fuzzy portfolio selection problem

#1 #2 #3 #4 #5 #6 #7 #8 #9

Year Am.T A.T&T. U.S.S. G.M. A.T.&S. C.C. Bdm. Frstn. S.S.

1937 -0.305 -0.173 -0.318 -0.477 -0.457 -0.065 -0.319 -0.4 -0.435

1938 0.513 0.098 0.285 0.714 0.107 0.238 0.076 0.336 0.238

1939 0.055 0.2 -0.047 0.165 -0.424 -0.078 0.381 -0.093 -0.295

1940 -0.126 0.03 0.104 -0.043 -0.189 -0.077 -0.051 -0.09 -0.036

1941 -0.28 -0.183 -0.171 -0.277 0.637 -0.187 0.087 -0.194 -0.24

1942 -0.003 0.067 -0.039 0.476 0.865 0.156 0.262 1.113 0.126

1943 0.428 0.300 0.149 0.255 0.313 0.351 0.341 0.580 0.639

1944 0.192 0.103 0.260 0.290 0.637 0.233 0.227 0.473 0.282

1945 0.446 0.216 0.419 0.216 0.373 0.349 0.352 0.229 0.578

1946 -0.088 -0.046 -0.078 -0.272 -0.037 -0.209 0.153 -0.126 0.289

1947 -0.127 -0.071 0.169 0.144 0.026 0.355 -0.099 0.009 0.184

1948 -0.015 0.056 -0.035 0.107 0.153 -0.231 0.038 0 0.114

1949 0.305 0.030 0.133 0.321 0.067 0.246 0.273 0.223 -0.222

1950 -0.096 0.089 0.732 0.305 0.579 -0.248 0.091 0.650 0.327

1951 0.016 0.090 0.021 0.195 0.040 -0.064 0.054 -0.131 0.333

1952 0.128 0.083 0.131 0.390 0.434 0.079 0.109 0.175 0.062

1953 -0.010 0.035 0.006 -0.072 -0.027 0.067 0.21 -0.084 -0.048

1954 0.154 0.176 0.908 0.715 0.469 0.077 0.112 0.756 0.185

This example will consider performances of portfolios with respect to “re-
turn”thus defined. This assumes that a dollar of realized or unrealized capital
gains is exactly equivalent to a dollar of dividends, no better and no worse.
This assumption is appropriate for certain investors, for example, some types
of tax-free institutions. Other ways of handling capital gains and dividends,
which are appropriate for other investors, can be viewed in [20].

Here we show the results obtained for the porfolio selection problem, de-
scribed by Table 1, by the fuzzy quadratic programming methods introduced
in this section and its solution is shown in Table 2. By computing the aver-
age value of all the years of each column of random variables of Table 1, we
obtained the expected values of each return of the securities.
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Table 2 Results of the first phase of the portfolio selection problem

α x Solution Time

0.0 [ -0.0000 ; 0.1236 ; 0.1374 ; 0.0000 ; 0.0910 ; 0.0641 ; 0.5838 ; 0.0000 ; 0.0000 ] 0.0235 1.0313
0.1 [ 0.0000 ; 0.0698 ; 0.1509 ; 0.0000 ; 0.0924 ; 0.0610 ; 0.6259 ; 0.0000 ; -0.0000 ] 0.0247 0.1563
0.2 [ 0.0000 ; 0.0303 ; 0.1713 ; 0.0000 ; 0.0936 ; 0.0465 ; 0.6584 ; 0.0000 ; -0.0000 ] 0.0259 0.1250
0.3 [ 0.0000 ; -0.0000 ; 0.1768 ; 0.0056 ; 0.0967 ; 0.0251 ; 0.6958 ; 0.0000 ; -0.0000 ] 0.0272 0.1563
0.4 [ 0.0000 ; -0.0000 ; 0.1627 ; 0.0306 ; 0.1168 ; -0.0000 ; 0.6899 ; -0.0000 ; 0.0000 ] 0.0287 0.1406
0.5 [ 0.0000 ; -0.0000 ; 0.1323 ; 0.0736 ; 0.1553 ; -0.0000 ; 0.6388 ; -0.0000 ; 0.0000 ] 0.0307 0.1563
0.6 [ -0.0000 ; -0.0000 ; 0.0975 ; 0.1224 ; 0.1912 ; 0.0000 ; 0.5889 ; 0.0000 ; 0.0000 ] 0.0332 0.1250
0.7 [ -0.0000 ; -0.0000 ; 0.0703 ; 0.1554 ; 0.2354 ; 0.0000 ; 0.5389 ; -0.0000 ; 0.0000 ] 0.0364 0.1250
0.8 [ 0.0000 ; 0.0000 ; 0.0368 ; 0.2002 ; 0.2735 ; 0.0000 ; 0.4894 ; 0.0000 ; -0.0000 ] 0.0402 0.1250
0.9 [ 0.0000 ; -0.0000 ; 0.0048 ; 0.2422 ; 0.3131 ; 0.0000 ; 0.4399 ; 0.0000 ; -0.0000 ] 0.0445 0.1250
1.0 [ -0.0000 ; -0.0000 ; -0.0000 ; 0.2717 ; 0.3537 ; 0.0000 ; 0.3746 ; -0.0000 ; 0.0000 ] 0.0495 0.1250

5 Conclusions

Fuzzy Convex Programming problems are of utmost importance in an in-
creasing variety of practical fields, but unfortunately little study has been
done with this important class of problems.

This paper shows a general view about fuzzy convex mathematical pro-
gramming and some known methods that were developed to solve convex
problems with vagueness in different parts are described. Tang and Wang’s
approach can transform a flexible programming problem into two classical
problems. The transformed problems have different constraints where are lim-
ited by α-levels which may be defined by decision maker or used as objective
function of the classical problem. However this approach is limited because
it formulates a comparison of fuzzy numbers, vector right-hand sides, with
a crisp matrix of constraint coefficients. Liu’s and, Ammar and Khalifa’s
approaches transform flexible programming problem into two classical pro-
gramming problems that determine the superior and inferior boundaries to
each α-level chosen by decision maker. Thus, this interval is a solution set to
the original flexible programming problem but there is not a proof that these
problems obtain the inferior and superior boundaries of the optimal solution,
respectively.

The limitations of formulations of the presented approaches are solved
with the extension of Verdegay’s linear approach because our approach is not
necessary to choose α-level. Therefore, this approach can be used as a general
method to solve convex programming problems with uncertainties in the set
of constraints.

In addition, there are other approaches that deal with the uncertain data
in optimization problems. For example, we showed two approaches that use
the possibilistic programming which represents imprecise data by possibility
distributions. In this case, the real-valued exist, but it may be or not to belong
to the set is incomplete or hard to obtain. However, we cannot take a match
of these approaches because they model the uncertainties of different way.
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