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Abstract. This paperpresentsa simpleandrobust algorithmfor estimatingthe local geometricpropertiesof
intersectioncurves,namelythetangent,normal,binormal,curvatureandtorsionvectorsat any point. In addition,
two new marchingdirectionsthatmakeuseof thesepropertiesaregiven.

1 Introduction

The numericalmarchingmethodis the most widely used
methodfor computingintersectioncurves. This scheme
comprisesthreeprimaryphases[8, 6]: hunting(startpoint),
tracing,andsorting. The hunting phase providesstarting
point for steppingon the intersectioncurve. It shouldlo-
cateall branchesof theintersectioncurveandpreventmul-
tiple copiesof thesamesequenceof pointsduringmarching
phase.Hodographs[10], subdivision techniques[3, 9], and
algebraicmethods[1, 5] havebeenappliedfor handlingthe
huntingproblem.Themarching phase computessequences
of pointsof anintersectioncurvebranchby tracingoutfrom
a startingpoint. Incorrectstepdirectionor sizemay lead
to erroneousresults. The sorting phase groupsthosese-
quencesof pointsinto disjoint branchesof the intersection
curve. When the points on the intersectioncurve can be
foundsequentially, this phaseis trivial.

Mostmarchingmethodsmakeuseof localdifferential
geometryor Taylor seriesexpansionsabouteachpoint of
the intersectioncurve to control the step. Tracing in the
tangentdirection[8, 3], alonga circle [2, 13], andalonga
parabola[11] aresomesolutionspresentedin theliterature
and the most usedstepsize is the one dependenton the
curvature[3, 11]. Dif ferentialequationsystem[7, 5] and
continuationmethod[1] arealsousedto traceout a branch
of theintersectioncurve.

Whentheparametricform of a curve is known its lo-
calproperties,suchastangent,curvature,normal,binormal,
curvature,andtorsion,canbederivedexactly. However, in
thecaseof marchingschemes,thesepropertiesareusedfor
determiningtheunknown curve. Motivatedby theapplica-
tions of differentialpropertiesin determinationof march-
ing directions,Ye andMaekawa [14] proposedalgorithms
basedon DifferentialGeometryto computethelocal prop-
ertiesof the intersectioncurve as long as the intersection
pointsareobtained.

Using torsionandthe derivative of the curvature,we
could test other marchingdirectionsinspired in classical
DifferentialGeometry. Insteadof usingapproximativecurves
thathavecontactof first andsecondorder, wedid someex-
perimentswith curvesthathaveacontactof thirdorderwith
the intersectingcurve. However, afterseveralattemptswe
realizethattheformulasproposedbyYeandMaekawa[14],
althoughtheoreticallycorrect,arenot computationallyro-
bustat theintersectingpointswheretheparametricsurfaces
arenot enoughtransversal.Thereasonarisesfrom thelim-
itationsof computer-basedrepresentationfor small devia-
tionsof theintersectingsurfacenormalvectors.

In this paperwe presentan alternative way for esti-
matingthe propertiesof the intersectioncurve of any two
regular surfaces. The only requirementis that the normal
vectorsof the two intersectingsurfacesare known. Our
algorithmis basedon the tangentandnormalvectorsesti-
matedby Wu andAndrade[13]. Moreover, we usedthe
resultsto derivemoreaccuratemarchingdirections.

Section2 introducessomebasicconceptsof Differen-
tial GeometryandSection3 summarizessomerelatedre-
sults. In Section4 we presentour basicidea and its im-
plementation.We alsoshow that the estimatedvaluesare
good approximationsto the theoreticalvalues. Section5
illustratesthe applicationof our algorithm to intersection
problems.Finally, someconcludingremarksaredrawn in
Section6.

2 Basic Concepts

To be self-containedwe summarizein this sectionsome
conceptstobeusedin Section4andfix notationsfor them[12,
4].

A parametriccurve ����� ���
	 in �� ,
� ����	 � �������
	���������	��������
	�	�������� �����! #" � �



is calledregularif its tangentvector$� ���
	 � � $�%���
	�� $�
���
	�� $�&���
	�	('��)
nevervanishes.

If the curve is at least twice continuouslydifferen-
tiable, the deviation of a curve from a straightline at any
point

�
canbemeasuredby its curvature
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(1)

where
,

denotesthecrossproductof two vectors.If * ���
	 �)21 � , thenthecurve reducesto a straightline. An isolated
point at which the curvaturevanishesis an inflection or a
flat point. From the curvature,onecan derive the radius3 ����	 of the (osculating)circle ( 3 ���
	 � �46587:9 ) whosefirst
andsecondderivativesagreewith thoseof thecurve at the
point � ����	 .

If thecurve is at leastthreetimescontinuouslydiffer-
entiableand * ���
	;'�<) , onecanmeasurethedeviation of a
curve from beingplanarby its torsion = , givenby

= ����	 � � $� ����	>,.-� ���
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�

(2)

where
$-� denotesthethird-orderderivativeof � . Thetorsion= ����	 vanishesfor planarcurves. The functions * ����	 and= ����	 areindependentof theparameterizationanddetermine

uniquelya curve in � � . WhentheparameterA is suchone
that

+ $� � A 	0+ �CB�1
A , wesaythattheparameterizationof the
curve is by arclength A .

To any point � ���
	 on the curve � we may introduce
a specialcoordinatesystemto facilitatethe descriptionof
local curve properties.This coordinatesystemwith origin
at � ����	 hasaxesD , E , andF , respectively, in thedirections

G ����	 � $� ���
	+ $� ���
	0+ ��H����	 � $� ���
	,.-� ����	+ $� ���
	,.-� ����	0+ ���JILK (3)IM����	 � �H����	>, G ���
	�N
The vectors

G ����	
,
IM���
	

, and
�H����	

are called, respec-
tively, (unit) tangentvector, (unit) normalvector, and(unit)
binormalvector. Thisreferencesystemor trihedroniscalled
theFrenetframe.Theassociateplanesare:osculatingplane
(
G I

), normalplane(
I#�

), andrectifyingplane(
G �

) (Figure1).
Onecanget theso-calledFrenetformulasfor a curve� parameterizedwith respectto arclength A
GPO � A 	 � Q * � A 	RIM� A 	I O � A 	 � S * G � A 	 S0= �6� A 	� O � A 	 � S0= IM� A 	
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Figure1: A Frenetframe.

From theseequationsand Taylor’s formulasfollows
that when egfihkj the projectionsof lnm_f^o on the three
planesof theFrenetframebehavenearthepoint lnm_f^pqo like
thecurve

r m_f^ots f0u<v mwf^pxo�yz f:{
| m_f:o}s v mwf p o~ f y� v � m_f p oz f { (4)

� m_f:o}s u v mwf p oP�Lmwf p oz f {
It is alsoshown that in theneighborhoodof l>mwf p o the

curve lnm_f^o hasthird-ordercontactto a circularhelix setat
its Frenetframe

� s � m��fHo�s<mw�n�x��� �f��� �>����� �f��� u � �f� o � (5)

where

��s v mwf^pqov y m_f:p:o � � y m_f:pqo
� � s �Lmwf^pxo

v y m_f:pqo � � y mwf^p:o
� � sC� � y � � y��

In particular, if �Lmwf p o vanishes,the curve behaves like a
circle.

As alreadymentioned,the curvatureand the torsion
aredeviationsof acurvefrom astraightline andfrom aos-
culatingplane,respectively. Geometrically, with theuseof
Frenetframe, it is equivalentto say that they are, respec-
tively, theangularvelocitiesof ��mwf^o and

� mwf^o with egf�h�j
v mwf^ons����8��M�R� � m���mwf^o¡u¢��mwf/u�egf^o�oegf (6)

£ �Lmwf^o £ s¤�8�8��M��� � m � mwf^o%u � mwf/u�egf^o�oegf (7)

Thetorsion �Lm_f^o maybepositive or negative. It is positive
whenthe vector lnm_f:o/u¥lnm_f¦u�egf^o is, with regardto the
osculatingplane,in thesamehalf-spaceof thevector

� mwf^o ,
otherwiseit is negative.



We alsohave that

+ = � A 	2+ � §8¨�©ªM«P¬� ®¡¯ ¨8°²± 5 ªM« 9�� � A 	 S�� � A/S´³gA 	 (8)

Aqµ_¶ Ig� = � A 	[ � Aqµ_¶ I���� � � A 	 S�� � A/S´³gA 	�	%?^�! �� (9)

where · � ³gA 	 is the anglebetweenthe binormalsat � � A 	
and � � A/S´³gA 	 .

Considera parametrizedsurface3 � 3 ������¸V	 in �� ,3 � ����������¸¹	����
������¸V	��!�&������¸¹	�	��t����¸º��� �&���! �,/� »H�!K6 L" � � N
If
�
,
�
, and

�
aredifferentiableand3 7 , 3q¼ '�¾½) for

������¸¹	>�´� �&���! #,�� »6��K� _�
we saythat 3 ������¸V	 is a regularsurface.Thetangentvector
to asurfacecurve 3 ���%� G 	���¸�� G 	�	 canbecomputedfrom$3 �À¿ 3¿ �

$� QÁ¿ 3¿ ¸
$¸

In particular, the tangentsto the isoparametriccurves
aregivenby 3 7 � ¿ 3¿ �

3 ¼ � ¿ 3¿ ¸
N

They arenowheretangentto eachotheranddetermine
thesurfacetangentplane.ThenormalvectorÂ ������¸V	 � 3 7 , 3:¼+ 3 7 , 3 ¼ + (10)

togetherwith the unnormalizedvectors 3 7 and 3q¼ form a
local coordinatesystemat 3 ������¸V	 . This frame plays the
sameimportantrole for surfacesasthe Frenetframedoes
for curves.

Supposethat we cut the surface 3 ������¸¹	 at Ã with a
planethat containsthe normalvectorat Ã . This planein-
tersects3 ������¸¹	 alongaplanecurve 3 ���%� G 	���¸�� G 	�	 whosecur-
vatureis calledthenormalcurvature*&Ä of thesurfacein the
direction

$3 ���%� G 	���¸�� G 	�	 at Ã N Thiscurvatureis givenby

* Ä �ÆÅ � $��	 � Q ®�ÇÈ$� $¸ QÊÉ � $¸V	 �Ë � $��	�� Q ®�ÌÍ$� $¸ QÊÎ � $¸]	�� � (11)

where Ë � 3 7 ? 3 7 � Ì � 3 7 ? 3 ¼ � ÎC� 3 ¼ ? 3 ¼
Å � 3 7^7 ? Â � Ç � 3 7 ¼ ? Â � ÉÏ� 3 ¼�¼ ? Â

are,respectively, thefirst andsecondfundamentalform co-
efficientsof 3 ������¸V	 .

Whentwo regular surfacesÐ � ������¸V	 and Ð � � A ��Ñ2	 in-
tersect,we saythattheintersectionis transversalat a pointÐ � ������¸V	 �tÐ � � A ��Ñ(	 �ÒÃ when their normal vectorsÂÔÓ�Õ ������¸V	

and
ÂÔÓHÖ � A ��Ñ2	 arenot parallelat that point. If

an intersectionis transversalat Ã , the tangentialdirection
of theintersectioncurveat Ã is givenby

G � Â Ó Õ ������¸V	, Â Ó Ö � A ��Ñ2	+ Â×Ó�Õ ������¸V	, ÂÔÓHÖ � A ��Ñ2	Ø+ N (12)

3 Previous Work

Wu andAndrade[13] proposeda robustalgorithmfor es-
timating the osculatingcircle at the intersectionpoint Ã
from the tangentvector at Ã ,

GPÙ
, and the tangentvector

at the previous intersectionpoint Ú ,
GPÛ

. It is robust in the
sensethatasfarasthetangentvectorsaredeterminablethe
methodworks. An approximateosculatingcircle at Ã is
constructedasfollows(Figure 2):

Center ( Ü ): theintersectionof threeplanes:theplanethat
containsÚ andhas

G Û
asnormalvector, theplanethat

containsÃ andhas
G Ù

asnormalvector, andtheplane
thatcontainsÃ andhasa normal

G Ù , G Û
.

Radius ( Ý ): thedistancebetweenÜ and Ã .

Then,thecurvatureandthenormalvectorat Ã are,respec-
tively, * � BÝ � I �@Ü.S�Ã (13)
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Figure2: An estimatedosculatingcircle.

Ye andMaekawa [14] derive the local transversalin-
tersectioncurvepropertiesatapoint Ã from thelocalprop-
ertiesof theintersectingsurfaces,

Ì
and Î , at thatpoint.

Thetangentvectorof theintersectioncurveis givenby
Eq.(12).If thesurfacesarein parametricform, Eq.(10)can
beusedfor computingthesurfacenormalvectors.

Thenormalvectorof theintersectioncurve is derived
asfunctionsof normalcurvaturesandnormalvectorsof the
two surfaces

I � * ÄVç S * ÄVè�éxê ¯Vë¯ ¨�° � ë Â ç Q * ÄVè S * ÄVçgé�ê ¯Vë¯ ¨8° � ë Â è � (14)

whereé�ê ¯Vë � Â ç ? Â è and * Ä canbeevaluatedwith help
of Eq.(11).

The curvatureand its derivative with respectto arc
length(notation“

O
”) canbecomputed,respectively, from

* � B+ ¯ ¨�° ë +�ì � * ÄVç 	P� Q � * ÄVè 	P� S ® * Ä¹ç * ÄVègé�ê ¯]ë (15)



ínî�ïñðVò#ó¥ï[ïñônõ÷ö�ø:ù�ïñôqð]òRò�ö�øqù¹ð�ú�ïñônõÔö�øqùxïñôqð]òRò�ùRûýüMð�úPùRûýü�ïñôqð]òRò
, þ ð;ó ÿ � ÿ��ð

Point � � ���
Exact Estimated Ratio Exact Estimated Ratio Exact Estimated Ratio

-9.86 (-3.47,1.61,-0.98) 0.56902 0.56916 0.99975 0.51416 0.53178 0.96687 -0.00685 -0.00371 1.84621
-9.85 (-3.52,1.59,-0.99) 0.56855 0.56878 0.99960 0.49574 0.51295 0.96646 -0.00981 -0.00680 1.44183
-9.84 (-3.57,1.57,-0.99) 0.56793 0.56823 0.99945 0.47778 0.49457 0.96605 -0.01261 -0.00975 1.29293
-9.83 (-3.63,1.55,-0.99) 0.56714 0.56753 0.99931 0.46028 0.47665 0.96566 -0.01525 -0.01255 1.21488
-0.02 (4.99,-0.10,-0.08) 0.51242 0.51255 0.99974 0.12619 0.12716 0.99238 -0.00352 -0.00527 0.66825
-0.01 (4.99,-0.05,-0.04) 0.51225 0.51232 0.99985 0.12562 0.12622 0.99525 -0.00176 -0.00352 0.50076
-0.00 (5.00,-0.00,-0.00) 0.51219 0.51221 0.99996 0.12543 0.12566 0.99817 -0.00000 -0.00176 -
0.01 (4.99,0.05,0.04) 0.51225 0.51221 1.00007 0.12562 0.12548 1.00111 0.00176 -0.00000 -
0.02 (4.99,0.10,0.08) 0.51242 0.51232 1.00018 0.12619 0.12568 1.00405 0.00352 0.00176 1.99821í	�qïñð]ò#óiï ö�ø:ù�ïñð]ò�ú[ùRû ü�ïñð]ò�
��qú�
ùRûýü&ïñð���qòRò

, þ ð;ó´ÿ � ÿ��ð
Point � � � �

Exact Estimated Ratio Exact Estimated Ratio Exact Estimated Ratio
-3.96 (-0.68,-0.27,-1.83) 0.93847 0.93672 1.00186 0.21801 0.22026 0.98981 0.32499 0.32540 0.99874
-3.95 (-0.69,-0.27,-1.83) 0.94197 0.94022 1.00185 0.21593 0.21819 0.98964 0.32475 0.32524 0.99850
-3.94 (-0.69,-0.28,-1.84) 0.94545 0.94371 1.00184 0.21382 0.21610 0.98947 0.32444 0.32500 0.99826
-3.93 (-0.70,-0.29,-1.84) 0.94893 0.94719 1.00183 0.21170 0.21399 0.98930 0.32405 0.32469 0.99802
-0.02 (1.00,-1.02,-0.02) 0.50002 0.50004 0.99996 -0.37499 -0.37498 1.00002 -0.00198 -0.00298 0.66661
-0.01 (1.00,-1.01,-0.01) 0.50000 0.50001 0.99998 -0.37499 -0.37499 1.00001 -0.00099 -0.00198 0.49997
-0.00 (1.00,-1.00,-0.00) 0.50000 0.50000 0.99999 -0.37500 -0.37499 1.00000 -0.00000 -0.00099 -
0.01 (1.00,-0.99,0.01) 0.50000 0.50000 1.00001 -0.37499 -0.37500 0.99999 0.00099 -0.00000 -
0.02 (1.00,-0.98,0.02) 0.50002 0.50001 1.00002 -0.37499 -0.37500 0.99997 0.00198 0.00099 2.00007

Table1: (1,4)curveanda spacecurveof degreefour.

and * O � » O O O ?xI¡� (16)

where» O O O � S * � G Q � ÄVç S � ÄVè�é�ê ¯]ë¯ ¨8° � ë Â ç Q � ÄVè S � Ä]çgéxê ¯Vë¯ ¨�° � ë Â è N� Ä of eachsurfaceis a functionof its secondform coeffi-
cients,derivatives,andnormalvector

Â� Ä � � � Å � O ¸ O O Q Ç ��� O O ¸ O Q � O ¸ O O 	 Q É � O ¸ O O 	 Q3 7^7:7 Â ��� O 	 � Q�� 3 7^7 ¼ Â ��� O 	 � ¸ O Q� 3 7 ¼�¼ Â � O ��¸ O 	 � Q 3:¼�¼�¼ Â ��¸ O 	 � N
Note that thederivatives

� O
,
� O O

,
¸ O

and
¸ O O

canbeob-
tainedby solvingthefollowing linearsystems� Ë � O Q Ì ¸ O � 3 7 ? GÌ � O QÊÎ ¸ O � 3 ¼ ? G
and���� ��� Ë � O O Q Ì ¸ O O � I×? 3 7 S����� ��� O 	 � S Ë ¼ � O ¸ O S� Ì ¼ S è �� 	���¸ O 	 � �Ì � O O QÊÎ ¸ O O � I×? 3:¼ S � Ì 7 S ���� 	���� O 	 � S¢Î 7 � O ¸ O Sè �� 	���� O 	 �

They alsoshow that the torsionat Ã canbe obtained
from

= � S B* ¯ ¨8° � ë ��� � Ä ç S � Ä è é�ê ¯]ë 	��_�>? Â ç 	 Q

� � Ä]è S � Ä]ç é�ê ¯Vë 	x�w�>? Â è 	�	�� (17)

wherethecurvature* is givenby Eq.(15)andthebinormal
vectorby theexpression

G , I
.

In addition, they derived a set of formulasfor com-
puting the differentialpropertiesof tangentialintersection
curves(

Â! � Â#" � Â ). In particular, by setting $i� 7&%¼ %
and '�� ¼ %7 % , thetangentvectormaybegivenby theexpres-
sions

G �
��� ��)( ç ��* ç �+ ( ç � * ç � + � if

� ��� '�.)ç � *-, ç �+ ç � *-, ç � + � elseif
� ��� �.) and

� ��� '��) ,
not definable, otherwise

(18)
where� ��� � � � �!� Å è Q ® � �!� � ��� Ç è Q � ���� É è S Å ç ,� �P� � � �!� � ��� Å è Q ® ��� �!� � ��� Q � ��� � �P� 	 Ç è Q � ��� � ��!� É è SÇ ç , and� ��� � � � ��� Å è Q ® � ��� � �!� Ç è Q � ���� É è S´É ç , with� �!� � .0/21 5 ç ��3 è54 3 6 97 ��8 è 8-9 5 ç 8 9 Ö , � ��� � .0/21 5 ç � 3 è:4 3 6 97 ��8 è 8�9 5 ç 8 9 Ö ,� ��� � .0/21 5 è:; 3 ç �<3 6 97 ��8 è 8-9 5 ç 8 9 Ö , and

� �!� � .0/=1 5 è54 3 ç � 3 6 97 ��8 è 8-9 5 ç 8 9 Ö .



ínî�ï�ÿ � ÿ^ò : Exact � = 0.461539,Exact � � = -0.00000,Exacttorsion=0.068376þ ð � E>2?A@CBEDF?HGJI
EKFDML2? ï � ò ��� E>2?H@NBED0?HGOI

EKFDFLJ? ï ��� ò � E>2?H@NBED0?HGOI
EKFDFLJ? ï � ò

0.2 0.466204 0.989992 -0.022913 0.000000 0.119135 0.573938
0.1 0.462718 0.997451 -0.012992 0.000000 0.080786 0.846387
0.01 0.461550 0.999975 -0.001342 0.000000 0.068499 0.998203
0.001 0.461539 1.000000 -0.000134 0.000000 0.068377 0.999982
0.0001 0.461538 1.000000 -0.000013 0.000000 0.068376 1.000000í	�qï�ÿ � ÿ:ò : Exact � = 0.5,Exact ��� = 0.00000,Exacttorsion=-0.375000þ ð � E>2?A@CBEDF?HGJI

EKFDML2? ï � ò ��� E>2?H@NBED0?HGOI
EKFDFLJ? ï ��� ò � E>2?H@NBED0?HGOI

EKFDFLJ? ï � ò
0.2 0.500706 0.998590 -0.020055 0.000000 -0.374626 1.000999
0.1 0.500176 0.999648 -0.009965 0.000000 -0.374907 1.000248
0.01 0.500002 0.999996 -0.000994 0.000000 -0.374999 1.000002
0.001 0.500000 1.000000 -0.000099 0.000000 -0.375000 1.000000
0.0001 0.500000 1.000000 -0.000010 0.000000 -0.375000 1.000000

Table2: Improvementsonproblematicpoints.

4 Our Proposal

Becauseof the limitation on thecomputer-basedrepresen-
tation,theEqs.(14–17)only work well when

é�ê ¯Vë � Â ç ? Â èQP B0SSR N (19)

They arenumericallyunstablewhen
¯ ¨�° ë assumesverysmall

values. This meansthat in the neighborhoodof a non-
transversalintersectionpoint,wrongvaluesfor * and = are
generated.It leadsus to look for a morerobustalgorithm,
eventhoughit deliversapproximationsinsteadof exactval-
ues.

Similar to the oneproposedby Wu andAndrade,our
algorithmdependssolely on the computabilityof the tan-
gent vectorsof the intersectioncurve. It is basedon the
intuitive geometricmeaningof the local curve properties
expressedby Eqs.(6)and(7).

From Eqs.(12)and (18) one can easily get the tan-
gentvectorfor transversalaswell astangentialintersection
point. The normalvectorandthe curvaturecanbe evalu-
atedby Eq.(13).Knowing thetangentandthenormalvec-
tors, thebinormalvectoris computedfrom thecrossprod-
uct
� � G ,;I . In thisway, aFrenetframemaybedefinedat

any tracedintersectionpoint. Eqs.(8)and(9) let usestimate
thetorsion = from thedeviationsof theseFrenetframes.

Finally, consideringtwo successive points � � A(S´³gA 	
and � � A 	 on theintersection,thederivativeof thecurvature
is simply givenby

* O � A 	 � §8¨8©ªM«�¬  * � A 	 S * � A/S´³gA 	� � A 	 S�� � A/S´³gA 	 N (20)

Wecarriedoutasetof testsin knownparametriccurves
for comparingtheestimatedvalueswith theexactonescom-
putedfrom Eqs.(1–3).Table1 presentsthedeviationsof the
estimatedvaluesfrom theexactoneswhentheFrenetframe
varieswith

�
for two curves:acurveof type(1,4)onatorus

(it is a helix which turnsfour timesaroundthetorus)anda
spacecurveof degreefour.

For simplicity, we consideredthat ³ � is constant,in-
steadof keepingarclengthconstant.It is worthnotingthat,
exceptat thepointswherethesignof thetorsionchanged,
the estimatedvaluesarecloseto the exact oneseven with
relatively largestepsizes.Thesignof anestimatedtorsion
alsoagreeswith thesignof thecorrespondingexactone.

For the problematicpoints it is expectedthat smaller
stepsizeswill improvetheestimation.Table2 summarizes
theimprovementsof theestimatedvaluesfor two problem-
aticpoints, Ü � � ) N ) 	 and Ü � � ) N ) 	 , whenwereducedthestep
size ³ � . Observe that the smalleris ³ � , the closeris the
estimatedvaluesto theexactones.

5 Marching Directions

Theoreticallywe know that thehigherthecontactorderof
the intersectioncurve and a curve along which we step,
themoreconsecutivepointsthey have in common.Hence,
oneapplicationof our algorithmandthe oneproposedby
Ye andMaekawa [14] is to computethe intersectioncurve
moreaccuratelyby steppingin thedirectionof a curve that
hasa contactof higher-orderwith the intersectioncurve,
suchastheonesrepresentedby Eqs.(4)and(5). Wecall the
tracingmethodalongEq.(4) a polynomialone,andalong
Eq.(5),a helicaltechnique.

Themarchingdirectionis usedfor estimatingthenext
tracingpoint. Becauseof the trade-off betweenefficiency
andaccuracy, that point is usuallynot on the intersection
curve. Newton iterationsare requiredto improve the ac-
curacy of reachedpointsat eachstep. It is clear that the
nearlies the point to the curve [6], the lessiterationsare
necessaryto improveits coordinatesin relationto theexact
intersectioncurve. Hence,it is interestingto know whether
marchingalongthecurvesgivenby Eqs.(4)and(5), which



T î�ïñð�ú=U�òLóiïñônõ÷ö!ø:ù�ïñô:ð]òRò6ö�ø:ù�ïñð]ò õVUVï�ÿ � ÿ:ÿqÿ:ÿ:ÿqÿ:ÿW�YX:ZM[�\^ïñô:ð]ò&õ�ÿ � ]�]�]^]�]^]�]�] X_\F`baLïñô:ð]òRòcXEZM[�\^ïñð]ò�úïñô>õ÷ö�øqù�ïñô:ð]òRò6ùRû ü�ïñð]ò&õ#UVï�ÿ � ÿqÿ:ÿqÿ:ÿ:ÿqÿ��YXEZ�[&\^ïñô:ðVò&õ�ÿ � ]�]^]�]^]�]�]^] Xd\F`ba#ïñôqð]òRò�X	\F`baLïñð]ò�úùRûýü�ïñô:ðVò&õVUVï�ÿ � ÿ:ÿqÿ:ÿqÿ:ÿ:ÿW�YXd\F`ba#ïñôqð]ò-
×ÿ � ]^]�]�]^]�]^]�] X:Z�[&\^ïñô:ðVòRò�úÿfe ðgehji
and


�ÿ � k elUme¢ÿ � kn2î�ïo\:ú2p>ò�órqýïñô�õ�ö!ø:ù�ïo\�òRò6ùRûýü�ïsp>ò�ú�ïñônõÔö�ø:ù�ïo\�òRòHö�ø:ù�ïsp>ò�úRùRûýü�ïo\�òOt�úÿueh\:ú=pvehji
TracedPoints Cos(w ) � � ���

Ye/Maek. Wu/Andrade Ye/Maek. Our Est. Ye/Maek. Our Estimation
(-3.4661.618-0.985) 0.9999999 0.544909 0.569099 0.654178 0.518759 -0.0000000001222 -0.0063964385
(-3.4751.615-0.986) 0.9999999 0.719336 0.569047 0.747620 0.520539 -0.0000000000593 -0.0052067827
(-3.4851.611-0.987) 0.9999999 0.571359 0.568970 0.474029 0.511158 0.0000000000399 -0.0077316070
(-3.4941.608-0.988) 0.9999999 infinity 0.568898 -0.00000 0.511021 infinity -0.0072266777T � ïñð�ú=U�òLóiïñö�ø:ù�ïñð]ò�ú[ùRû ü&ïñð]ò�
x�qú=U�ò�úÿfe ðgehjiLú0
zy � ÿfelUmexy � ÿ�ún{�xïo\^ú2pòLóiïo�ö�ø:ù�ïo\�ò�ö�øqù�ïspò�ú|
ö!ø:ù�ïo\�ò�ùRûýü�ïsp>ò�ú}�ùRûýü�ïo\�òRò�úÿfeh\~eS�i#úRÿfexp�eli �

TracedPoints Cos(w ) � � ���
Ye/Maek. Wu/Andrade Ye/Maek. Our Est. Ye/Maek. Our Estimation

(-0.728-0.3151.836) 0.1573029 0.939439 0.93781 0.217445 0.219372 0.316894 0.325097
(-0.722-0.3081.840) 0.1539310 0.942687 0.94106 0.215500 0.217445 0.317005 0.324930
(-0.715-0.3011.843) 0.1505841 0.945933 0.94431 0.213537 0.215500 0.317039 0.324695
(-0.709-0.2951.847) 0.1472627 0.949175 0.94755 0.211556 0.213537 0.316992 0.324390T�� ïñð�ú=U�ò#ó¥ïby � k õ÷ö�øqù�ïby � ÿqð]òRò�ö�ø:ù�ïñð]ò�ú�ïby � k õ÷ö�øqùxïby � ÿqð]òRò6ùRû ü�ïñð]ò�ú=U�ò�úÿfe ðgehjiLú0
{� � ÿfelUme�� � ÿ�ún � ïo\^úJpò#óiïby � k õ�ö!ø:ù�ïsp>òRò�ö�øqùxïo\�ò�ú!ïby � k õ�ö�øqù�ïspòRòHùRûýü�ïo\�ò�ú[ùRûýü�ïsp>òRò�ú
_i�eh\:ú=p�eS�i �

TracedPoints Cos(w ) � � ���
Ye/Maek. Wu/Andrade Ye/Maek. Our Est. Ye/Maek. Our Estimation

(1.8801.9880.645) -0.623760 0.485811 0.485389 0.969451 0.975825 0.051255 0.084414
(1.8881.9870.651) -0.618415 0.486647 0.486228 0.963098 0.969450 0.051480 0.083898
(1.8961.9860.656) -0.613077 0.487478 0.487061 0.956767 0.963097 0.051679 0.083360
(1.9041.9850.662) -0.607749 0.488303 0.487889 0.950459 0.956766 0.051851 0.082801

Table3: Determinationof localproperties.

requirehigher-orderderivatives,is moreefficientthanmarch-
ing along a circle. Moreover, it is worth evaluating the
trade-off of our algorithmin relationto the algorithmpro-
posedby YeandMaekawa[14] in thecontext of therobust
andefficient computationof intersectioncurves.

In thiswork werestrictedourcomparisonsto thepara-
metricsurfaces.Thealgorithmproposedby YeandMaeka-
waprovidesanexactcomputationof thelocalpropertiesof
the intersectioncurve. However, for the caseswherethe
conditionstatedby Eq.(19)is not satisfied(i.e. thenormal
vectorsof theintersectingsurfacesarealmostparallel),the
computationof * , * O , and = is numericallyunstable.One
reasoncomesfrom theterm

��b� ��� in Eqs.(14–17).
Table3 presentsthelocalpropertiesof theintersection

curvedeterminedby ouralgorithmandby thealgorithmof
Ye andMaekawa, aswe tracedthe intersectioncurve with
stepsize Å = 0.01.

The first pair of surfaces,
Ì � ������¸V	 and Î � � A ��Ñ2	 , is

almostnon-transversal( é�ê ¯¹ë�� B N ) ). In this caseour al-

gorithmwasableto determinelocalpropertiesof any point
of the intersectioncurve (Figure3), whereasthealgorithm
proposedby Ye and Maekawa could not provide correct
data for tracing it (Figure 4). The secondpair,

Ì � ������¸V	
and Î � � A ��Ñ(	 (Figure 5), and the third pair,

Ì � ������¸V	 andÎ � � A ��Ñ(	 (Figure6), have alsosomenon-transversalinter-
sectionpoints.Observe,however, theaccuracy of Ye/Mae-
kawatechniquein determininglocalpropertiesfor transver-
salintersectionpoints.

The exact representationof the intersectioncurve of
the first pair of surfacesand the secondpair are, respec-
tively, Ü � ���
	 and Ü � ���
	 . Note that two lists of pointsare
providedin theTable1. It is becausethatwe couldnot be
ableto getexactly thesamesequenceof pointsby applying
two differentmethodsfor determininglocal curve proper-
ties.Weperformedourcomparisonsbetweenthemostclos-
esttracedpoints.

Comparingthe valuesin Table 1 with the valuesin
Table3, wemayseethat,exceptin theneighborhoodof the



Surfaces � Method #points 1 it 2 it 3 it 4 it 5 it � 5 it
RuledSurface/Torus 0.1 Tangential 1371 35.59% 0.00% 0.00% 0.00% 0.00% 64.41%

Circular 1339 33.46% 0.00% 0.00% 0.00% 0.00% 66.54%
Polynomial Our Estimation 1339 33.01% 0.00% 0.00% 0.00% 0.00% 66.99%

Ye/Maekawa 187 2.54% 0.00% 0.00% 0.00% 0.00% 97.46%
Helical Our Estimation 1339 32.49% 0.00% 0.00% 0.00% 0.00% 67.51%

Ye/Maekawa 655 13.97% 0.00% 0.00% 0.00% 0.00% 86.03%
Torus/Gen.Cylinder 0.1 Tangential 1215 0.00% 0.00% 100.00% 0.00% 0.00% 0.00%

Circular 1181 0.00% 0.00% 100.00% 0.00% 0.00% 0.00%
Polynomial Our Estimation 1181 0.00% 26.08% 73.92% 0.00% 0.00% 0.00%

Ye/Maekawa 1181 0.00% 94.33% 5.67% 0.00% 0.00% 0.00%
Helical Our Estimation 1181 0.00% 32.09% 67.91% 0.00% 0.00% 0.00%

Ye/Maekawa 1181 0.00% 94.33% 5.67% 0.00% 0.00% 0.00%
Sphere/Cir.Cylinder 0.1 Tangential 1160 0.00% 0.0% 99.83% 0.17% 0.00% 0.00%

Circular 1098 0.00% 0.00% 99.82% 0.18% 0.00% 0.00%
Polynomial Our Estimation 1098 0.00% 1.09% 98.73% 0.18% 0.00% 0.00%

Ye/Maekawa 1098 0.00% 90.16% 9.66% 0.18% 0.00% 0.00%
Helical Our Estimation 1098 0.00% 0.00% 99.82% 0.18% 0.00% 0.00%

Ye/Maekawa 1098 0.00% 55.74% 44.08% 0.18% 0.00% 0.00%

Table4: Comparisonsof marchingdirections.

Figure3: TracingRuledSurface/Toruswith localproperties
obtainedby our technique.

non-transversalintersectionpoint, thevaluescomputedby
the Ye algorithmis moreaccuratethanthe onesestimated
by ouralgorithm.

It is expectedthat, in comparisonwith methodsthat
tracealongcurvesof degree2,polynomialandhelicaltech-
niquesrequirelessiterationsfor improving thecoordinates
of thetheobtainedpoints.For illustrativepurposewepresent
in Table4 thenumberof iterationsrequiredfor tracingthe
intersectionof threegivenpairsof surfaces.

It is noticeablethe superiorityof the Ye algorithmin
handlingtransversalintersectionsthatsatisfythecondition
expressedby Eq.(19).However, whenthatconditionis not
fulfilled, marchingalong curves with a contactof higher

Figure4: TracingRuledSurface/Toruswith localproperties
computedby Ye/Maekawatechnique.

order is not possible. Our algorithm doesnot suffer this
shortcoming.Its simplicity favorsnumericalrobustness.At
pointsin theneighborhoodof thenon-transversalintersec-
tion point, it is still ableto estimatethelocalpropertieswith
thesameprecisionasat otherpoints.

6 Conclusions

We presenteda simplealgorithmfor estimatingsomelocal
curve propertiesandappliedthemto tracean intersection
curve of two parametricsurfacesalongcurveswith a con-
tactof third order.

In the casestested,our algorithmfor estimatinggeo-



Figure5: IntersectionCircularcylinder/Sphere.

Figure6: IntersectionGeneralizedCylinder/Torus.

metricparametershasshown morerobustthantheYealgo-
rithm,sinceit candealwith thenon-transversalintersection
pointsthatdonotsatisfyEq.(19).Someexampleswerepro-
videdto attestthisstatement.

Additionally, from our numericalexperimentswe ob-
served that the proposedpolynomialandhelical marching
directionspresentbetter performancethan the directions
proposedin thementionedwork – lessiterationswereneeded
to improvetheobtainedpointateachstep.However, anac-
curateanalysisof ourproposedtracingmethodsdemandsa
deeperstudyon topologicalandgeometricalaspects.This
discussionwill dependon: (1) transversalityconditionsbe-
tweenthe intersectingsurfacesandthe topologicalnature
of the intersectioncurves(bifurcationpointsandtheir na-
tures,and knottedor unknottedcurves for instance),and
(2) estimationfor total variationof curvatureandtorsion,
includingtorsionsigndiscussion.
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[9] G. Müllenheim.Ondeterminingstartpointsfor asur-
face/surfaceintersectionalgorithm. Computer Aided
Geometric Desgin, 8:401–408,1991.

[10] T. W. Sederberg andR. J. Meyers. Loop detectionin
surfacepatchintersections.Computer Aided Geomet-
ric Design, 5:161–171,1988.

[11] Tz. E. Stoyanov. Marchingalongsurface/surfacein-
tersectioncurveswith anadaptativesteplength.Com-
puter Aided Geometric Desgin, 9:485–489,1992.

[12] D. J.Struik. Lectures on Classical Differential Geom-
etry. DoverPublications,Inc., 2nd.edition,1961.

[13] S. T. Wu and L. N. de Andrade. Marching along
a regular surface/surface intersectionwith circular
steps. Computer Aided Geometric Design, 16:249–
268,1999.

[14] X. Ye andT. Maekawa. Differentialgeometryof in-
tersectioncurves of two surfaces. Computer Aided
Geometric Desgin, 16:767–788,1999.


